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Abstract

KM3NeT is a neutrino telescope under construction in the Mediterranean Sea. Among the
main goals is the discovery and subsequent study of sources of high-energy neutrinos.
Furthermore, the determination of the mass ordering of the three known neutrino types is
envisaged which is possible via oscillations of atmospheric neutrinos on their path through
Earth. For these goals, two separate detectors are being built: the ARCA detector for high-
energy neutrino astronomy, and the ORCA detector dedicated to the determination of the
mass ordering.

This work presents contributions to both detectors. Based on numerical calculations,
neutrino oscillations in the Earth have been analysed in order to predict the susceptibility of
the ORCA detector to systematic uncertainties both in the Earth model and in fundamental
oscillation parameters describing the neutrino oscillations. Furthermore, the calculation of
oscillation probabilities still represents a major bottleneck in the CPU time consumption of
ORCA sensitivity studies. A dedicated interpolation algorithm has therefore been devel-
oped with the aim to reduce the corresponding computing time by calculating all needed
oscillation probabilities in advance. The amount of data needed for these interpolations
has been estimated as well. The final computing time needed to run the ORCA sensitivity
studies is expected to be reduced by these measures by around three orders of magnitude.

In order to increase the sensitivity of the ARCA detector to an isotropic high-energy
cosmic neutrino flux, a machine learning algorithm for the classification of neutrino events
has been developed. The studies achieve unprecedented sensitivity in the shower channel,
a major neutrino event class. The “rediscovery” of the cosmic neutrino signal measured
and published by the IceCube collaboration is possible within less than one year obser-
vation time. In particular, considering the strongest published signal flux, an observation
with 5o significance is possible in less than 0.3 years with 50% observation probability,
meaning that the chance for a random background fluctuation giving a similar signature is
below 2.87 - 10~° %. Compared to previous ARCA sensitivity analyses in the shower chan-
nel, the time needed for such a significant observation is reduced by at least 25% up to
about 50% depending on the assumed signal flux hypothesis. Furthermore, besides the
potential determination of the so-called prompt atmospheric neutrino flux, the capabilities
of the ARCA detector to constrain the spectral shape of an isotropic cosmic neutrino flux
has been analysed for the first time within the KM3NeT collaboration.

In addition, part of the work performed during the doctoral studies included tutoring of
diverse student classes, the maintenance and administration of a Mac client-server system
(about 100 users) as well as the work with several Linux systems including an HPC system.






Zusammenfassung

Untersuchung von Neutrinooszillationen und diffusen kosmischen Neu-
trinoflissen mit dem KM3NeT Neutrinoteleskop

KM3NeT ist ein Neutrinoteleskop im Mittelmeer, das sich derzeit in der ersten Konstruktion-
sphase befindet. Ziel ist unter anderem der Nachweis und die Untersuchung von Quellen
kosmischer Neutrinos und dadurch die Identifikation von Quellen héchstenergetischer kos-
mischer Strahlung. Des Weiteren soll mit Hilfe des KM3NeT-Experiments die Massen-
rangordnung bzw. Massenhierarchie der drei bekannten Neutrinoarten ermittelt werden.
Dies ist mdglich durch Oszillationen niedrigenergetischer atmospharischer Neutrinos beim
Durchgang durch die Erde. Zwei separate Detektoren sind fiir die genannten Ziele vorgese-
hen: der ARCA Detektor fiir die Hochenergie-Neutrinoastronomie, und der ORCA Detektor
fir die Bestimmung der Massenhierarchie.

Diese Arbeit stellt Beitrdge zu beiden Detektoren vor. Basierend auf numerischen
Berechnungen wurden Neutrinooszillationen in der Erde analysiert, um die Sensitivitat
des ORCA Detektors auf systematische Unsicherheiten sowohl im Erdmodell als auch
in den fundamentalen Oszillationsparametern, die die Neutrinooszillationen beschreiben,
vorherzusagen. AuB3erdem ist die Berechnung der Oszillationswahrscheinlichkeiten sehr
zeitaufwandig und stellt einen zeitlichen Engpass bei der Durchfiihrung von Sensitivitatsstu-
dien zu ORCA dar. Daher wurde ein dedizierter Interpolationsalgorithmus entwickelt, mit
dem Ziel, die benétigte Rechenzeit zu reduzieren und die Oszillationswahrscheinlichkeiten
bereits im Voraus zu berechnen. Die dazu nétige Datenmenge wurde ebenfalls abgeschétzt.
Die schlieBlich fur die Sensitivitatsstudien bendtigte Rechenzeit reduziert sich dadurch um
etwa drei GréBenordnungen.

Durch Verwendung eines Algorithmus zur Neutrinoereignisklassifikation — beruhend auf
maschinellem Lernen — wurde die Sensitivitdt des ARCA Detektors in Bezug auf einen iso-
tropen kosmischen Neutrinofluss untersucht. Mit Hilfe von sogenannten Schauerereignis-
sen, einem bedeutenden Neutrinoereignistyp, wurde eine noch nie dagewesene Sensitivitat
erreicht. So ist die signifikante Detektion des von der IceCube Kollaboration gemessenen
und veréffentlichten kosmischen Neutrinosignals in weniger als einem Jahr Beobachtungs-
zeit moglich. Insbesondere wird mit einer Wahrscheinlichkeit von 50% einer der stark-
eren verQffentlichten Signalflisse in weniger als 0.3 Jahren mit einer Signifikanz von 5o
beobachtet. Das bedeutet, dass die Wahrscheinlichkeit, dass ein ahnliches Signal alleine
durch Hintergrundfluktuationen erzeugt wird, kleiner ist als 2.87-107°%. Verglichen mit
bisherigen ARCA Sensitivitdtsanalysen im Schauerkanal wurde die benétigte Zeit fir solch



eine signifikante Beobachtung um mindestens 25% bis zu ca. 50% reduziert, abhangig vom
angenommenen kosmischen Neutrinofluss. Auf3erdem wurde, zum ersten Mal innerhalb
der KM3NeT Kollaboration, sowohl die Sensitivitat des ARCA Detektors auf die spektralen
Eigenschaften solch eines isotropen kosmischen Neutrinoflusses untersucht als auch die
Sensitivitat auf den sogenannten prompten atmosphérischen Neutrinofluss.

Des Weiteren waren umfangreiche Tutorentatigkeiten, die Verwaltung eines Mac Client-
Server Systems (ca. 100 Nutzer) und die Arbeit mit diversen Linux Systemen inklusive eines
HPC Systems Teil der Arbeit wahrend der Promotion.
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Part |

Introduction

This part motivates the work performed for this thesis in Chapter 1, introduces the relevant physics
in Chapter 2 and the KM3NeT experiment in Chapter 3.
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Chapter 1

Motivation

Neutrinos are fundamental particles only interacting through gravity and the weak force. They can
therefore travel large distances without being absorbed. For example, billions of billions of neutrinos
travel through the Earth unaffectedly every second. Because of this low interaction probability, they
are often referred to as ghost particles. On the other hand, for the same reason, neutrinos offer
unigue possibilities in astronomy and astroparticle physics. A long standing mystery in these fields
is the origin of the highest-energy cosmic rays. Cosmic rays were discovered in 1911 by Victor
Hess[1] and are particles (protons and other nuclei of atoms) permanently bombarding the Earth
from outer space. A tiny fraction reaches energies up to roughly 102° eV or 50J (see Chapter 29
of [2]), which is for instance the energy needed to lift one litre of water by five metres from the
surface of the Earth. The cosmic sources that are able to produce single particles with such high
energies are yet to be identified.

Unfortunately, detecting the charged cosmic rays gives no information on the position of their
sources on the sky. The reason for this is the deflection of the charged particles by inter- and
extra-galactic magnetic fields, whereupon most of these particles lose their directional information.
Neutrinos, however, are electrically neutral and thus travel through space undeflectedly, always
pointing back to their source. They are produced in the same acceleration processes as the charged
cosmic rays. The classical way of finding celestial bodies — detection of electromagnetic radiation
or their high energy version, called gamma rays — yields no distinct evidence to a cosmic ray source
as electromagnetic radiation does not always have the same formation processes as the cosmic
rays. In addition, gamma rays very likely undergo absorption on their way to Earth as they travel
through interstellar clouds and dust. Opposed to that, cosmic neutrinos travel through space mostly
unabsorbed. A detection of high-energy neutrinos would therefore reveal unique information about
the Universe.

A major effort in this direction has been achieved with the detection of neutrinos of cosmic origin
in 2013 with the IceCube experiment[3]. However, as of now, no single cosmic neutrino sources
could be identified.

Due to the low neutrino interaction cross-section, it is also a difficult task to determine the fun-
damental neutrino properties. Therefore, it is not a surprise that neutrinos nowadays, 88 years
after their first prediction by Wolfgang Pauli[4] in 1930 and 62 years after the first detection[5] in
1956, are not fully understood. It is known that neutrinos come in three different so-called flavour
states — electron-, muon- and tau-neutrinos — that are produced in weak interactions. In the stan-
dard model of particle physics [2] neutrinos are massless. However, with the detection of neutrino

15



16 1. Motivation

oscillations in 1998 [6] it became clear that these flavour states are superpositions of three different
mass states and therefore must have a mass. Neutrino oscillations describe the fact that neutrinos
change flavour during propagation. Today, the neutrino masses are still unknown. Nevertheless, by
measuring neutrino oscillations in matter, as e.g. in Earth, it is possible to determine the ordering of
the neutrino masses. Today, only the order of two of the mass states is known, and it is an ongoing
task to determine the full neutrino mass ordering also known as the neutrino mass hierarchy.

KM3NEeT is a distributed neutrino telescope under construction at the bottom of the Mediter-
ranean Sea with the major objectives of determining the neutrino mass hierarchy as well as perform-
ing neutrino astronomy, i.e. finding and subsequently studying cosmic neutrino sources to possibly
reveal highest-energy cosmic-ray accelerators. As these two goals tackle different neutrino en-
ergy regimes, two distinct detector configurations are envisaged [7] in the ongoing building phase-2:
ORCA (Oscillation Research with Cosmics in the Abyss) for the determination of the mass hierar-
chy at lower energies (1 GeV to 100 GeV), and ARCA (Astroparticle Research with Cosmics in the
Abyss) for neutrino astronomy at very high energies (up to 108 GeV). Due to the low neutrino inter-
action probability, it is inevitable to instrument large volumes in order to detect a sufficient amount of
neutrinos. For ORCA roughly 0.004 km?, for ARCA around 1km? of seawater will be instrumented
with roughly 64 000 and 128 000 photo sensors, respectively. These volumes correspond to cubes
with a height of 160 m and 1 km, respectively. The photo sensors are used to detect neutrinos by
measuring the Cherenkov light produced from charged secondary particles generated in neutrino
interactions with the surrounding media.

The remainder of this part of the thesis describes the fundamental physics relevant for the
physics goals of KM3NeT in Chapter 2, and the KM3NeT experiment with its two detectors in Chap-
ter 3.

The work performed for this thesis contributed to both parts of KM3NeT. As part of feasibility
studies, it has been investigated if and how the determination of the neutrino mass hierarchy will
be affected by uncertainties in the quantities describing the neutrino oscillations, the so-called neu-
trino oscillation parameters. In addition, since a precise treatment of the uncertainties requires the
neutrino oscillation probabilities to be known in the relevant neutrino oscillation parameter space, a
method of calculating and interpolating these oscillation probabilities has been developed. These
studies are described in Part Il.

For the ARCA detector, sensitivity studies have been performed to assess the capabilities of
KM3NeT to detect a diffuse cosmic neutrino flux. The preparations needed and done for this are
described in Part lll and the sensitivity study and its results are described in Part V. It utilises a
machine learning algorithm, a cut-and-count analysis, and spectral fitting. The latter aims to reach
high sensitivity to the spectrum of the cosmic neutrino flux and therefore to differentiate between
several spectral hypotheses of the diffuse cosmic flux.



Chapter 2

Neutrinos

In this chapter, the main physics related to high-energy neutrinos will be described, including their
production, propagation, interaction and detection. The energy range discussed here includes neu-
trinos from 1 GeV up to 10° GeV. Regarding the descriptions, this range will be subdivided into a
lower-energy part (E < 100 GeV) and a higher-energy part (E > 100 GeV) where appropriate, as
these are the energy ranges relevant for ORCA and ARCA, respectively, for which the work pre-
sented in this thesis was performed. For comprehensive discussion of lower-energy neutrinos (£ <
1 GeV), e.g. produced in the Sun or in radioactive decays on Earth see [8].

A major part of this thesis includes the determination of the KM3NeT sensitivity to diffuse fluxes
of neutrinos. These fluxes will therefore be described in more detail than e.g. the expected fluxes
from individual galactic objects.

2.1 Neutrino production

The main production processes of high-energy neutrinos are the decay of charged mesons like
pions and kaons and the subsequent decay of muons:

T (K)—=u +vy (2.1)
o —e +V.+yy (2.2)

and the corresponding charge-conjugate decays. Another contribution is the decay of neutrons:
n—op+e +7,. (2.3)

The neutrons and charged mesons are produced in the interactions of cosmic rays. Depending on
where the interactions happen, the resulting neutrino fluxes can be categorised as described in the
following.

2.1.1 Cosmic fluxes

Cosmic neutrino fluxes are produced when cosmic rays interact at their sources or during their travel
through the intergalactic medium. Among the important processes leading to pion production are

17



18 2. Neutrinos

the reaction with ambient photons

+ +
p+'y—>A+—>{Z+:_O (2.4)
N n+ Nt + N_n~ + Nyn® 2.5)
- .
Py p+ Nt + N_n~ + Nyn°
and the reaction with ambient matter X
p+X > Na"+N_a~ + No” + Y. .
X — N.w™ + N + Non® + Y. (2.6)

where Y may be anything consistent with conservation laws. The average numbers of produced
pions, N., N_, Ny, depend on the interaction type and energy[8]. The neutrinos are subsequently
produced via pion or neutron decay.

In many theoretical predictions of cosmic neutrino fluxes [9], neutrinos from pion or kaon decays
dominate the neutrino spectrum leading to an initial flavour ratio of approximately v, :v, :v.=1:2:0
(neutrinos and antineutrinos) according to Egs. (2.1) and (2.2). Neutrino oscillations transform
this ratio to roughly 1:1:1 incident on Earth. However, other models such as muon-damped or
neutron-beam sources lead to different flavour compositions. In the first case the muons lose most
of their energy before decaying, leading to an initial high-energy neutrino flavour composition of
0:1:0. In the extreme of the second case, only high-energy neutrons escape the sources leading
to a composition of 1:0:0. The compositions for the extreme cases would transform on their way
to Earth roughly like 0:1:0—0.2:0.4:0.4 and 1:0:0—0.6:0.2:0.2. Sensitivity to the neutrino
flavours is therefore important for the purpose of constraining physical source models. More about
the different cosmic flavour ratio models and the resulting energy spectrum can be found in [9]. For
more on neutrino oscillations see Section 2.2.

Cosmic rays interacting at their source form neutrino point sources. Candidates are supernova
remnants (SNR) for Galactic neutrinos and active galactic nuclei (AGN) and gamma ray bursts
(GRBs) for neutrinos of extra-galactic origin. Point sources will not be further addressed in this
work, instead see e.g.[10].

Cosmic ray interactions with intergalactic media give rise to a diffuse cosmic neutrino flux. In
addition, a diffuse flux is also produced by the sum of unresolved neutrino point sources distributed
over the sky. Diffuse fluxes will be described in more detail in the following.

Diffuse neutrino fluxes

From the pion production reactions (Eq. (2.4) to (2.6)) follow relations between the flux of cosmic
rays and the flux of the produced neutrinos and gamma rays (stemming from decays of neutral
pions). Theoretical predictions (see e.g.[11-13]) for fluxes of cosmic neutrinos are therefore based
on observations of gamma rays and cosmic rays. The predicted neutrino fluxes depend on assump-
tions about the dominating production channel of the cosmic particles.

A popular upper limit on cosmic neutrinos is given by Waxman and Bahcall[11]. They assume
optically thin sources in a way that high-energy nucleons can escape the sources to produce the
observed cosmic-ray flux. It is normalised to the cosmic ray flux at about 10 GeV which is in this
model assumed to be originating from the beta decay of the escaping neutrons. The dominant
process is taken to be the resonant photoproduction (Eq. (2.4)). Furthermore, an E cosmic-ray in-
jection spectrum is assumed which can be derived from the “first-order Fermi acceleration”[14]. This
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mechanism describes the energy gain of particles via repeated reflection between shock fronts [15].
The resulting limit on the neutrino flux is given by E2®=1.4—6.8- 108 GeVcecm=2s~"sr™! for the
all-flavour neutrino flux. The uncertainty reflects different source evolution models.

Another diffuse neutrino flux is given by the so-called cosmogenic neutrinos. They are produced
when cosmic rays interact with cosmological photon backgrounds on their way through the universe.
Predictions of the corresponding neutrino flux are in the range E?®=10"1-10"GeVem=2s~ ' sr!
for energies between roughly 108 and 10'° GeV. The large uncertainty is due to different assump-
tions about the unknowns that go into the predictions. Among them are the source evolution, chem-
ical composition and the maximum acceleration energy of the cosmic rays. For details see [16].

As mentioned above, unresolved point sources can always contribute to a potential diffuse neu-
trino flux. Further contributions to diffuse neutrino fluxes are given by extended sources like the
Galactic Plane [17] or the Fermi Bubbles [18]. Another possibility are neutrinos from “top-down sce-
narios”. In these scenarios highest-energy cosmic rays are assumed to originate from decays of
long-lived super-heavy particles. Measurements of the ultra-high-energy photon flux by the Pierre
Auger Observatory, however, severely constrain such scenarios[19]. Furthermore, theories about
dark matter predict neutrinos from the annihilation of dark-matter particles such as WIMPs (weakly
interacting massive particles). For a more detailed overview see [20].

The IceCube Collaboration [21] recently detected a flux of cosmic neutrinos consistent with an
isotropic distribution across the sky. lts detector at the South Pole is taking data in its full config-
uration since 2011. Several studies have been performed[3,22-27], whose results are combined
in [28,29]. These studies were sensitive to astrophysical neutrinos with energies exceeding 20-
100 TeV. The analysis providing first evidence for cosmic neutrinos [3], published in 2013, presented
the following all-flavour flux:

)_2 (cm2 sereV)_1 . (2.7)

®(E)=3.6-107"%. (
(E)=36-10 100 TeV
This flux was taken as a basis for the sensitivity study of ARCA presented in this thesis.
The more recently published “combined analysis” [28] (2015) provided a best-fit all-flavour neu-
trino flux of

E % -1
m) (cm2 ssr GeV) (2.8)

D(E) =6.7-107"%. (
valid for neutrino energies E from 25TeV to 2.8 PeV.
Another analysis[30] from 2016 sensitive to muon neutrinos between roughly 200 TeV and
7.8 PeV from the northern hemisphere found a harder spectrum for the diffuse flux than the com-
bined analysis but similar to the one of Eq. (2.7):

E
100 TeV

—2.13 4
) (cm2 ssr GeV) (2.9)

OE)=2.7-10"18 (

This result, here multiplied by three to represent the all-flavour flux (see also below), is in tension
with the combined analysis at 3.3 0. This may indicate a possible break in the power-law spectrum
somewhere around 100 TeV or a possible North-South asymmetry in neutrino arrival directions’.

A tension of 3.3 o means here that the probability that both results are caused by the same isotropic neutrino flux is
only around 0.1%.
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Figure 2.1: Experimental diffuse flux upper limits from the Baikal Neutrino Telescope [32], AMANDA [34]
and ANTARES [36] with best-fit fluxes from three different IceCube measurement periods (2010-2012[3],
2008-2013[28] and 2009-2015 [30], given in Eq. (2.7) to (2.9), respectively), all drawn in their valid energy
range. Also shown is the theoretical upper limit by Waxman and Bahcall[11] and predictions for the
conventional and prompt atmospheric neutrino fluxes, from Honda[39] and Enberg[40], respectively,
which form a main background in cosmic neutrino searches. The fluxes and upper limits correspond to
the sum of all neutrino flavours assuming a cosmic-neutrino flavour ratio of v, :v, :v.=1:1:1 incident
on Earth.

These three best-fit fluxes assume an isotropic flux with flavour ratio v, : v, :v;=1:1:1 incident
on Earth. The flavour composition as measured by IceCube is consistent with pion-decay sources
as well as muon-damped sources. However, neutron-beam sources are disfavoured with 3.6 o
significance [28].

The fluxes are used as reference fluxes regarding the sensitivity of KM3NeT to diffuse neutrino
fluxes as presented in Part IV of this thesis. They are shown in Figure 2.1 together with exper-
imental upper limits determined by the neutrino telescopes Baikal [31,32], AMANDA [33,34] and
ANTARES [35,36]. The Waxman-Bahcall limit is also shown and is in the range of the lceCube
best-fit result from 100 TeV to 2 PeV.

Several analyses of the IceCube data have been performed to search for correlations between
known y-ray sources and the measured neutrino spectrum (see e.g. [37]). So far no significant
detection has been made. For instance, an analysis of blazars [38] as possible sources came to the
conclusion that at most 50% of the observed astrophysical neutrino flux is caused by this special
kind of AGN. However, as these blazars are distributed over almost the full sky, KM3NeT won’t be
able to distinguish potential neutrinos stemming from these sources from an isotropic distribution
before a diffuse flux has been “rediscovered”.
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Figure 2.2: The atmospheric conventional and prompt neutrino fluxes as calculated by Honda et al. [39]
and Enberg et al. [40], respectively. Uncertainties are given as shaded bands. The uncertainty for the
conventional neutrino flux is taken as +25% [42] while for the prompt neutrino flux the uncertainties as
derived by Enberg et al. [40] are used. For comparison, also three IceCube best-fit fluxes per flavour
are shown (green in the valid energy range, gray elsewhere, see also Figure 2.1). Always the sum of
neutrinos and antineutrinos is considered.

2.1.2 Atmospheric fluxes

Atmospheric neutrinos represent one of the main background sources for searches for cosmic neu-
trinos. Nevertheless, they allow for the investigation of neutrino properties as foreseen with ORCA.
They are produced in extensive air showers, initiated when cosmic rays interact with atomic nu-
clei in the Earth’s atmosphere. They are called “conventional” if they are created through pion and
kaon decays. These mesons may interact with the surrounding matter, thus losing energy before
decaying, whereupon the resulting spectrum is much steeper than the initial cosmic ray spectrum.

With rising energy of the cosmic ray particles, also charmed mesons occur which may also de-
cay into neutrinos. The resulting neutrino flux is called “prompt” atmospheric neutrino flux since
these mesons have much lower lifetimes than pions and kaons, and decay before undergoing sec-
ondary interactions. This is also the main reason for the resulting spectrum being much harder than
that of the conventional atmospheric neutrino flux. For more details on the prompt neutrino flux
see [41].

In this work the Honda [39] and Enberg [40] models are used as reference for the conventional
and prompt flux, respectively. Corrections based on calculations presented in[27] are taken into
account. Both fluxes are shown in Figure 2.1 together with the high-energy diffuse cosmic neutrino
flux measurements. In Figure 2.2 the atmospheric neutrino fluxes are shown separated by neutrino
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Figure 2.3: The atmospheric conventional and prompt neutrino fluxes at 1 PeV as a function of cosine
of zenith angle.

type.

For the conventional flux, the electron neutrino component is strongly suppressed. This is due to
the fact that, first, for each electron neutrino two muon neutrinos are generated (see Eq. (2.2)) and,
second and more importantly, the parent muons lose a large fraction of their energy before decaying.
This leads to the fact that the dominating part of the atmospheric electron-neutrino spectrum is
caused by three-body kaon decays. Here, the chiral suppression of ev, production caused by
the weak interaction is much weaker. The v, :v, ratio reaches values up to 60 (10° GeV). For the
prompt flux the flavour ratio is close to unity since the charmed mesons decay almost equally likely
into electrons or muons?2.

The prompt flux begins to dominate the atmospheric spectrum at around 30 TeV for electron
neutrinos and around 1PeV for muon neutrinos. The IceCube best-fit fluxes are well above the
predicted prompt neutrino fluxes for energies higher than 100 TeV. In fact, the data of IceCube is
consistent with a vanishing prompt component[28]. Note, though, that high-energy atmospheric
neutrinos coming from above are distinguishable from cosmic neutrinos as the atmospheric neutri-
nos are likely accompanied by atmospheric muons of the same extensive air shower. This can be
used to “veto” atmospheric neutrinos or to probe specifically the prompt component of the atmo-
spheric flux at energies where the prompt flux dominates [43,44].

The atmospheric neutrino fluxes as a function of zenith angle 6 as incident at sea level at the
geographic position of the KM3NeT detector are shown in Figure 2.3. The conventional flux near the
horizon (cos 8 =0) is about one order of magnitude higher than the flux from near-vertical directions
which is due to the development of the cosmic ray air showers in the atmosphere. For neutrinos from
above and below, the density of the atmosphere as seen from the parent particles increases faster
so that these particles lose energy faster than for neutrinos from the horizon and their respective
parent particles. Thus the neutrinos from above stem in average from cosmic rays with higher
energies where the respective flux is smaller. This effect is negligible for the prompt neutrinos since
their parent particles only have a very short lifetime.

2The flux of prompt tau neutrinos is negligible since the decay into a tau neutrino is only allowed for a small fraction of
the charmed mesons [40].
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Hierarchy
Parameter
Normal Inverted
sin® 01,/107! 3.07 3.07

sin®013/1072  2.41 2.44
sin®6,3/107"  3.86 3.92
AmZ, /107 eV?  7.54 7.54
Am? /1073 eV? 245 2.40
o/m 1.08 1.09

Table 2.1: Best-fit oscillation parameters according to Fogli et al. [50] which in general depend on the
assumed neutrino mass hierarchy.

2.2 Neutrino oscillations

Neutrino mass eigenstates are distinct from the eigenstates of the weak interaction. This leads to
neutrino oscillations governed by the neutrino mixing matrix (PMNS-matrix3)

U U Ues I 0 0 cs 0 ey c2 sz 0
U= Uyl U‘uz Uy3 =|0 23 $23 | X 0 1 0 X |1=S12 C12 0f, (2.10)
Un U Ug 0 —s23 23 —e%s;3 0 c13 0 0 1

with ¢;;=cos 6;;, s;j=siné;;, 612, 613, 63 the three mixing angles and ¢ the CP phase*. This matrix
relates the mass eigenstates |vi), k € {1, 2, 3}, to the flavour eigenstates |v,), a € {e, u, 7}:

vy = D Uslva). (2.11)

a€lep,)

As of now, the neutrino masses are unknown. However, with the measurement of solar, reactor
and atmospheric neutrinos [6,48,49], it was possible to determine the mass squared differences
Am%1 = AmgoI ~ 7.5-107eV? and |Am§1| ~ IAmgtml ~ 2.5 - 1073 eV? with Amik, = m,% - m,% and
neutrino masses m; of the mass eigenstates |v;). The sign of the large mass squared difference
Amgtm and therefore the neutrino mass hierarchy is still unknown, i.e. the ordering of the mass
eigenstates. The two possibilities are shown in Figure 2.4. The hierarchy is referred to as normal if
Am3, > 0 and inverse if Am3, < 0.

The best-fit oscillation parameters — mass squared differences, mixing angles and CP phase —
according to a global analysis, carried out by Fogli et al. [50], of the results of several experiments
are summarised in Table 2.1.

In the remainder of this section, neutrino oscillations will be discussed in detail. Firstly, os-
cillations in vacuum are described from which it will become clear why cosmic neutrinos (sum of
neutrinos and antineutrinos) from pion-decay sources arrive at Earth with approximately a uniform
flavour ratio. It follows the description of oscillations in matter and specifically in the Earth. Due to
matter effects in the Earth it is possible to determine the sign of Am3; with atmospheric neutrinos

and thus the neutrino mass hierarchy.

3Named after Pontecorvo [45,46], Maki, Nakagawa and Sakata[47].
“Two Majorana phases irrelevant to neutrino oscillations have been neglected.
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Figure 2.4: Sketch of the two possible mass hierarchies (m>-axis not to scale). The colours indicate the
flavour content of each mass eigenstate. Figure taken from [7].

2.2.1 Neutrino oscillations in vacuum

The Schrédinger-type equation of motion for a free neutrino of mass my; and energy E; in mass

eigenstate |v;) is given by®

0
i vi()) = Ex [vi(2)) , (2.12)
which can be solved to get

[vi(£)) = exp (—iExt) |v(0)) . (2.13)
For relativistic neutrinos, E; > my and therefore roughly equal momentum p, = E for ke {1, 2, 3} for

the three mass eigenstates can be assumed and the energies can be approximated by E; = /pi - m,% ~ pr+

2
o E+ ;"—g In addition, with the neutrinos travelling almost at the speed of light, the propagation
in time ¢ can be replaced by the propagation in space x. Therefore, Eq. (2.13) can be written as

_ g 4
[vi(x)) = exp (—lﬁx) vi(0)), (2.14)

5In natural units where i = ¢ = 1.
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where an overall phase factor E, which is the same for all mass eigenstates, has been ignored. It
follows for the flavour eigenstate «a:

3 3 2
() = 3 Ul i)y = Uy exp (_i%x] 72(0)) (2.15)
k=1 k=1

The probability for a neutrino of flavour « to oscillate into a neutrino of flavour g after travelling a
distance L is then given by evaluating P(v, — vs) = [(valvs(L))I* which gives

3 217 2 A
P(va = vp) = " [UakPIUsP +2Re Y. U, U Uy Uy exp ~i—L). (2.16)
k=1 Jj<k

with the three mass squared differences Am;; = m; — m.
From the oscillatory terms in Eq. (2.16), oscillation lengths can be defined as the length at which

the argument becomes 27, respectively:

Loy = 4nE/|Am3,| = 32.9 - 10° km - E/GeV,
Ly = 4nE/|Am3,| = 1.00 - 10° km - E/GeV, (2.17)

Ly, = 4nE/|Am3,| = 1.04 - 10° km - E/GeV,

with the values from Table 2.1 for normal hierarchy with Am§2 = Am%l - Am%r It follows that over
large distances (L > 10° km - E/GeV) even small differences in energy produce large phase shifts.
Given the finite energy resolution of any real detector and the fact that also the emission regions
of cosmic neutrino sources may well be larger than the oscillation lengths, the oscillatory terms in
Eqg. (2.16) average out. Therefore, only averaged oscillation probabilities are observable for cosmic
neutrinos:

3
(POe = vp)) = D Uk PIUP. (2.18)
k=3

With the best-fit mixing angles from Table 2.1 and the CP phase § = & which is close to its best-fit
value, the mixing matrix becomes roughly:

l/el l/ez l]e3
U= l]pl ljyz l/#3 X

l]Tl l]TZ l]T3

-035 070 0.62
045 =045 0.77

(2.19)

0.82 055 —0.16J

and the averaged probabilities calculated from these values are given in Table 2.2.

Thus, the sum of cosmic neutrinos and antineutrinos produced according to Egs. (2.1) and (2.2)
oscillate from a flavour ratio of v, :v,:v,=1:2:0 to 1.03:1.05:0.92 incident on Earth, which is
close to 1:1:1. For muon-damped or neutron-beam sources the flavours oscillate on their way to
Earth like 0:1:0—50.24:0.41:0.35 and 1:0:0—0.55:0.24:0.21.

If neutrinos travel through matter, e.g. atmospheric neutrinos travelling through Earth, they can-
not be regarded as free particles any more and the oscillation probabilities are modified. This mod-
ification of the oscillation probabilities depends on the neutrino mass hierarchy and is as such the
central physics case for the ORCA experiment. The main aspects will be described in the following
section.
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Ve Yy Vr

Ve | 55% | 24% | 21%

Vu | 24% | 41% | 35%

vr | 21% | 35% | 44%

Table 2.2: Averaged probabilities for the oscillation of one given neutrino type into another.

2.2.2 Neutrino oscillations in matter

Expressing the neutrino state vector as [¥) = a, |v.) + a,|v,) + a-|v;), the corresponding equation of
motion according to Egs. (2.11) and (2.12) can be written as
de
U'la, (2.20)

a m> 0 0
ol 1 1
i—[aﬂ]=—U[0 m% 0

ar

2E 0O 0 mg

ar

with U from Eq. (2.10) and the approximations given after Eqg. (2.13).

In matter, coherent forward scattering of electron neutrinos off electrons creates an effective
potential V = \/§Gpne for the electron neutrinos. For electron antineutrinos, V is replaced by —V.
Here, Gr is the Fermi coupling constant and »n, is the number density of electrons. Thus, in matter
Eg. (2.20) gets modified to

g (%) m 0 0 2EV 0 0)] (ae
iaaﬂzﬁUOm§OUT+ 0 0 0|]|]a,

a 0O 0 m% 0O 00 ar

(2.21)

| mﬁ,“ 0 0 a,
’ i
=EUM 0 m 2 (2) UM aﬂ

My3

ar

where the last equation follows after diagonalisation. The effective neutrino masses squared are
then given by mfw,k and the effective mixing matrix by U,, which incorporates the effective mixing
angles in matter 6,,;;. In general, the electron density n, =n.(x)=n.(t) is an unknown function of
space x, or equivalently of time ¢ for relativistic neutrinos. Therefore, also the matrix U, = Uy (f) and
the mass squared differences m?w(=mi,[’k(t) will depend on time and Eq. (2.21) cannot be solved
analytically. Furthermore, the expressions for the effective neutrino masses and mixing angles in
matter as a function of their vacuum counterpart are very extensive and will therefore not be given
here, see instead [51].

For the sake of clarity, it is convenient to use the two-flavour case to illustrate the main feature of
matter oscillations. This gives a good approximation for many practical cases and is applicable due
to |[Am3,| < |Am3,| ~|Am2,| and |U.s| < 1. In this approximation, there exists only one mixing angle
6 and mass squared difference Am?. The respective diagonalisation of the two-flavour version of
Eqg. (2.21) yields for the effective mixing angle in matter 6,, the following expression:

in26
$in 26, = = (2.22)

\/cosz 20 (1 — A/Ag)? + sin> 20
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with A =2EV and Az = Am? cos 26. This expression exhibits a resonance at A = Az where the mixing
becomes maximal: sin26,,=1. This is often referred to as the MSW resonance after Mikheyev,
Smirnov and Wolfenstein [52-54]. The resonance value Ax depends on the sign of the mass
squared difference and this is where the sensitivity to the neutrino mass hierarchy arises from.
Recalling that A — —A for antineutrinos, the resonance may be reached both for neutrinos given
positive mass squared difference and for antineutrinos given negative mass squared difference.

Writing the electron number density as n, = Y, p/my with Y, as the mean number of electrons per
nucleon, p the matter density and my the nucleon mass, the neutrino energy Ey at the resonance is
derived to be:

Am?cos20

== " ) (2.23)
* 2\/§GF Ye/mN

In the case of atmospheric neutrino oscillations with neutrino energies > 2 GeV, the above approx-
imation conditions (|AmZ,| < |Am3,|~|Am3,|) mean that the 1-2 mixing (with an oscillation length
of several times the Earth diameter) can be neglected compared to the 1-3 and 2-3 mixing (see
Eqg. (2.17)). Instead, two-flavour neutrino mixing governed by 6,53 and Am§1 can be used as an ap-
proximation® [55]. Considering, according to [56], the density in the Earth’s mantle, ranging from
2.7 to 5.5g/cm?, and in the core, ranging from 9.9 to 12.5g/cm?, and approximating Y, by 0.5, the
resonance energies corresponding to these regions are given by:

56GeV < Ep < 11.5GeV, for the Earth’s mantle,
(2.24)
2.5GeV < Er < 3.1GeV, for the Earth’s core.

The width of the resonance AER where sin 26, drops to 1/2 can be derived to be AEg =2Eg tan 20,3
which is 3.6 to 7.4 GeV for the mantle and 1.6 to 2.0GeV for the core. Correspondingly, given
the neutrino energy E one can derive the resonance matter density pr by swapping E and p in
Eq. (2.23). The density width of the resonance is then 2p tan 26, 3 which is 2.9 g/cm? and 7.4 g/cm?
considering the average density of the mantle and core, respectively. Thus for any neutrino, given
normal mass hierarchy (or antineutrino, given inverted hierarchy), between roughly 2 and 15 GeV
travelling through the Earth’s mantle and core the 1-3 mixing gets enhanced considerably.

It has been pointed out by Akhmedov [57] that neutrino mixing can be enhanced by another
matter effect referred to as parametric resonance. The requirements for this resonance to happen
are neutrinos travelling through layers of alternating (constant) density p; and p, with thicknesses
L, and L,, respectively. For such a density profile, the equation of motion (Eq. (2.21)) can be solved
analytically and it can be shown that under special conditions for the densities, layer thicknesses
and neutrino energy, the probability P(v, — vg) for a # g after traversing this periodic density profile
can be maximal even for small mixing angles in both vacuum and matter. In fact, neutrinos travel-
ling through the Earth’s core traverse approximately one and a half periods of such a density profile
when the densities of the Earth’s mantle and core are approximated by their average densities.
Akhmedov showed that in this case the enhancement of the neutrino mixing is especially favoured
when the neutrino energy is between the MSW resonance energies of the two considered density
layers. This implies that also the parametric resonance is sensitive to the neutrino mass ordering.

6The two-flavour mixing occurs between v, and the mixed flavour sin 623V, +c0s O3, [55].
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Figure 2.5: The probability of a 3.8 GeV electron neutrino to oscillate into an electron (green), muon
(pink) or tau neutrino (black) over the travelled distance assuming normal mass hierarchy. The left part
shows the oscillation probability for propagation in vacuum, the right for propagation through the Earth for
a zenith angle of 177°. The oscillations of electron neutrinos into other flavours get enhanced significantly
in the Earth. On the right, the relative Earth density profile [56] used for the calculation is also indicated
(the maximum corresponds to about 12g/cm?). See Section 4.1 for details on the calculation of the
oscillation probabilities.

An example of how the oscillation gets modified due to the presence of the Earth matter is illus-
trated in Figure 2.5 for a starting electron neutrino with £ =3.8 GeV. The propagation in vacuum is
compared to the propagation through Earth at a zenith angle of §=177° assuming normal neutrino
mass hierarchy. As can be seen especially in the vacuum case and as already mentioned above,
the oscillations due to AmZ, are negligible for such a distance. On the other hand it shows how the,
in vacuum almost negligible, 1-3-mixing gets enhanced in matter.

The effect of the parametric resonance according to analytic formulae of Akhmedov is illustrated
in Figure 2.6. For these formulae the Earth was approximated by a two-layer sphere, representing
mantle and core, with constant densities 4.5 g/cm? and 11.5g/cm?, respectively. The effects of the
parametric resonance are compared to the outcome of a numerical solution of the neutrino equation
of motion taking into account a more detailed and realistic Earth model (for details see Section 4.1).
This numerical calculation therefore takes fully into consideration the effects of both the parametric
resonances and MSW resonances. In the full calculation, the two different resonance phenomena
are not strictly separable anymore because of the varying Earth density and the underlying, highly
non-linear problem. The differences in the resulting oscillation probability are also shown in the
figure. These differences are both due to the MSW resonance and result from the much more
realistic treatment of the Earth.

From the relatively large differences up to about 70% at some energies and zenith angles, it
follows that both effects play an important role though some of the differences result also from the
different Earth models. To what extend deviations in the Earth model may change the oscillation
probabilities is analysed and discussed in Section 4.4.
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Figure 2.6: Top: The oscillation probability P(v, — v,)=1-P(v. — v.) according to the parametric
resonance effect after the starting electron neutrino has passed through the Earth for different zenith
angles calculated via analytic formulas from [57] approximating the Earth mantle and core with constant
densities of 4.5g/cm’® and 11.5g/cm’, respectively. The main effect happens around 2.5GeV and at
energies between 4 to 8 GeV. Note that at these energies and path lengths P(v. — v,) = 0 in vacuum
dueto O3« 1.

Middle: The oscillation probabilities calculated by numerically solving the neutrino equation of motion
with a more detailed Earth model (see Section 4.1 for details).

Bottom: Difference between middle and top.

2.3 Neutrino interactions with matter

The neutrino nucleon interactions relevant at lower energies are quasi-elastic scattering, resonance
production and deep-inelastic scattering (DIS). From energies above some 10 GeV, DIS becomes
the dominating process. In general, charged-current and neutral-current (CC and NC) interactions
are distinguished. In the former, a W boson is exchanged and therefore a charged lepton produced.
The latter are mediated by a Z boson which leads to a neutrino in the final state of the same type as
the incident one. In both cases a hadronic shower X is produced. The reactions can be summarised
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Figure 2.7: Feynman diagrams for neutral-current (left) and charged-current neutrino interactions with
a quark q of a nucleon (deep-inelastic scattering). For antineutrinos the corresponding arrow directions
are inverted.

as
Vi+N->TF+X (CC)

. g (2.25)
<v),+N—>(v>l+X (NC)

with [ € {e, u, 7} and where N represents a nucleon. For neutrinos/antineutrinos a negatively/positively
charged lepton is produced in the CC interaction. Figure 2.7 shows the corresponding Feynman di-
agrams.

Given the lepton’s energy loss v=E, — E; in the target’s rest frame, with E, and E; as the energy
of the initial neutrino and of the outgoing lepton, respectively, the cross-section for these interactions
is given in terms of the Bjorken scaling variables x=Q?/2Myv and y=v/E, as (see e.g. [58])

) 2
Fo  GME, | 2( g ) [xatn 0% + 23, 0901 - 7] (CC) 026
= ) 2 )
S| g [t 09 + 2 01 - v2] - (NO).

Here, Gr is the Fermi constant, My, My and M, are the nucleon mass and the masses of the W
and Z boson, respectively, and Q” =2xyE, My is the negative four-momentum transfer squared. The
parton distribution functions (PDFs) ¢ and g represent the quark and antiquark distributions of the
nucleon including all relevant quark flavours. The PDFs ¢° and 3 also include the chiral couplings
important for the neutral current interactions. Detailed expressions for the PDFs are given in [58].
For antineutrinos, the cross-sections are given by replacing each quark distribution function with the
corresponding antiparticle distribution and vice versa.

The total cross-section for neutrinos (per nucleon), obtained by integrating over x and y[59], is
shown in Figure 2.8 for very high energies. Uncertainties at highest energies are due to unknowns
in the PDFs. Below roughly 10 TeV the total cross-section rises approximately linear with neutrino
energy. For higher energies, the Q? dependencies become important resulting in a rise proportional
to about E%4[20].

The Bjorken variable y, also known as inelasticity, gives the energy fraction transferred from
the incoming neutrino to the hadronic shower. From this fraction, the energy deposited in the sur-
rounding medium can be inferred which is important for energy reconstruction. For NC interactions,
only energy from the hadronic system is deposited while the remaining fraction (1-y) is carried away
by the outgoing neutrino. In CC events, potentially the total energy is deposited, though outgoing
long-range leptons (muons and high-energy taus) may take energy away from the sensitive detector
volume. The mean inelasticity varies between 0.2 and 0.5. It is shown in Figure 2.9 as a function of
neutrino energy.
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Figure 2.8: The high-energy neutrino charged-current (CC) and neutral-current (NC) cross-section as a
function of neutrino energy for neutrino-nucleon deep-inelastic scattering as derived by Connolly et al.[59]
(CTW) where the figure is taken from. It is compared to earlier calculations (GQRS) [58]. Uncertainties
are shown as bands.
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Figure 2.9: Mean inelasticity as a function of incident neutrino energy for CC (solid) and NC (dashed)
interactions. Figure taken from [60].

In the energy range of a few PeV, electron antineutrinos may interact resonantly with electrons
by generating a W~ boson which subsequently decays into leptons, or a quark-antiquark pair which
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produces a hadronic shower:

_ _ _ vi+ 1™

Ve+te - W — ~ (2.27)

(g+q) — X,

where again [ € {e,u, t}. This resonant W~ production is also called the Glashow resonance and
peaks at E, = 6.3 PeV[60]. The cross-section at this energy has a value of 5.4 - 102 cm? exceed-
ing the DIS cross-section at this energy by over two orders of magnitude. The Glashow resonance
plays therefore a notable role in neutrino telescopes sensitive in this very-high-energy region [61]. It
gives a unique sensitivity to the electron-antineutrino-content of the investigated neutrino flux.

As neutrino telescopes such as KM3NeT also look for neutrinos crossing the Earth from below,
neutrino absorption in the Earth has to be considered. At energies above some TeV absorption
becomes relevant. For instance considering DIS, at 1 TeV/1 PeV the interaction lengths are roughly
10% km/10*km in water (compare this to the Earth diameter of roughly 12000km). For neutrinos
with energies above 10 PeV, more than 90% are absorbed for zenith angles larger than 120°. For
more details see e.g. [58,60,62].

Note though that each neutrino absorbed in a neutral current interaction produces a neutrino of
the same type but with lower energy (regeneration effect). These neutrinos travel further through
the Earth potentially reaching the detector. The energy loss yE, is in general small enough so
that the neutrinos are still important for neutrino astronomy. The regeneration effect also applies
to tau neutrinos absorbed in charged-current interactions, where the outgoing tau will produce a
high-energy tau neutrino when decaying.

2.4 Neutrino detection

The charged secondary particles created in neutrino interactions produce Cherenkov light if their
velocities exceed the speed of light in a surrounding dielectric medium[63]. The detection of this
Cherenkov light is the principle of high-energy neutrino detection which will be presented in this
section. Water (liquid or solid) serves as an ideal choice for the detector medium, occurring naturally
in large volumes and being transparent in a large part of the Cherenkov light spectrum.

The spectral distribution for the number of Cherenkov photons with wavelength \ emitted by a
charged particle (charge +ze) with velocity v = B¢ per path length x is given by

dv 21 B 1

dxd\ )2 B2n?
with a the fine structure constant and » the index of refraction of the surrounding medium. The
Cherenkov light is emitted under the characteristic angle 6¢ given by

(2.28)

1
cosfe = [%, (2.29)

which amounts to roughly 41° in water with 8=1 and n=1.33. From Eq. (2.28), the number of
photons emitted in the transparency window of water (400 nm <\ <700 nm) can be determined to
roughly 200 per cm [20].

These photons are measured to reconstruct the energy deposit and the mean angle of the
charged secondaries and therefore infer the energy and angle of the primary neutrino. In an elec-
tromagnetic or hadronic shower, the number of generated relativistic particles is by approximation
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proportional to the shower energy. Therefore, also the number of emitted Cherenkov photons is
roughly proportional to the shower energy. The photons are emitted in every direction although with
a strong peak at the Cherenkov angle with respect to the shower direction.

The energy of a high-energy muon can be inferred from its energy losses. The average energy
loss per path length is a function of the muon energy E and can be written as

—dE/dx = a(E) + b(E) E, (2.30)

where a(E) is the loss due to ionisation and b(E) accounts for e*e™ pair production, bremsstrahlung
and photonuclear losses (see Chapter 34 of [2]). At high energies the latter term dominates. It is re-
sponsible for stochastic generation of electromagnetic and hadronic showers along the muon track.
From these the total muon energy loss can be determined and from that the energy of the muon.
Note though that muons (> 10 GeV) and very-high-energy taus (> 10 PeV) have mean track lengths
of the order of kilometres. They can reach the active detector volume from far outside having lost a
large fraction of their energy. Therefore the reconstructed energy in these cases may only serve as
a lower limit for the parent-neutrino energy.

Depending on the type of charged secondaries produced in a neutrino interaction, different event
topologies can be distinguished based on the emitted light pattern. These will be described briefly
in the following.

Event topologies

In general track-like and shower-like events are distinguished. A hadronic shower is produced in
every neutrino-nucleon DIS interaction. In charged-current (CC) electron-neutrino interactions, the
outgoing electron creates an extra electromagnetic shower. The showers have typical extensions
of the order of metres, and can be considered quasi point-like compared to the average distances
between the light detectors of typical underwater high-energy neutrino telescopes. The light output
of these events is approximately spherical, centred around the shower maximum and peaked at the
Cherenkov angle’. Besides CC electron-neutrino events, such purely shower-like events happen
for all neutral-current interactions. In addition, tau-neutrino CC events can be purely shower-like
when the intermediate tau decays immediately into a shower. This event class therefore represents
a major fraction of all event topologies.

Purely track-like events occur when muons (or ultra-high-energy taus) produced in reactions
outside of the active detector volume go through the detector leaving behind a cone of Cherenkov
light. The muons might also be produced in the decay of intermediate taus outside of the detector.
Due to the large track length, a very good precision on the reconstruction of the muon direction is
possible. Produced in a high-energy neutrino interaction, the outgoing muon is nearly collinear with
the parent neutrino. However, track-like events are also caused by atmospheric muons. Coming
from above, these produce down-going tracks. Therefore, neutrino searches in general only look for
up-going tracks.

Figure 2.10 shows examples for a characteristic shower-like and track-like event as simulated
for the KM3NeT/ARCA detector (see Section 3.1).

Apart from these two event classes, there exist intermediate topologies. Among them are show-
ers with an outgoing track (starting tracks), or very-high-energy taus producing a second shower

For instance, the minimum distance between two detection modules in ARCA is roughly 40 m. See also Chapter 3.
For ORCA, where the minimum distance is around 10 m, the approximation of spherical light output reaches its limits.
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Figure 2.10: Event signatures for a shower event (v.-CC, top) and track event (v,-CC, bottom) as
simulated for the KM3NeT/ARCA detector (see Section 3.1). The coloured spheres depict light detectors
with recorded photon signals above a given amplitude, the size of a sphere refers to the amplitude, the
colour to the hit time with respect to the neutrino interaction. Grey dots represent light detectors with
no such hits. In the top picture, the incoming neutrino is shown as a red track, the outgoing-electron
direction as a green track. In the bottom picture, the green track refers to the up-going muon resulting
from the neutrino interaction.

when decaying (double-bang). At energies above some PeV the distance between both showers
is of the order of tens of metres and the bangs become separable. However, such double-bang
events are only important for high-energy-neutrino detectors like KM3NeT/ARCA. They are the only
event class that directly allows the inference of the neutrino flavour. In general, the neutrino flavour
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content can only be determined on a statistical basis.






Chapter 3

The KM3NeT experiment

KM3NeT? is a neutrino detector under construction in the Mediterranean Sea. It builds upon the
experience gained with ANTARES [35], the first deep sea neutrino telescope and predecessor of
KM3NeT which proved the feasibility of doing neutrino astronomy in the deep sea. Two separate de-
tector configurations are envisaged: the ARCA (Astroparticle Research with Cosmics in the Abyss)
detector for high-energy neutrino astronomy, and the ORCA (Oscillation Research with Cosmics in
the Abyss) detector dedicated to the determination of the neutrino mass ordering.

The detectors are planned to be built in three phases. Phase-1, which is still ongoing, includes
prototype construction and testing (see e.g. [64,65]) as well as optimisation of the deployment and
installation. A first construction is also part of Phase-1: 31 strings will be deployed, expectedly 24
of these for ARCA and seven for ORCA. The first detection unit (DU) or string has been installed
successfully in December 2015. In addition, the development of necessary software tools is com-
prised in this phase. The second phase (Phase-2) has the goal of completing the ARCA and ORCA
detectors by 2020. In Phase-3, KM3NeT is planned to contain seven building blocks in total, six of
them for high-energy neutrino astronomy. These building blocks will be distributed off-shore Toulon
(France), Capo Passero (Sicily, Italy) and Pylos (Peloponnese, Greece).

A KM3NEeT building block, schematically depicted in Figure 3.1, comprises 115 vertical strings
anchored at the sea floor. The strings are equipped equidistantly with 18 digital optical modules
(DOMs) each. One DOM consists of 31 photomultiplier tubes (PMTs) attached spherically (see
Figure 3.2) and is therefore often called multi-PMT DOM. This new technology provides significantly
more photo-sensitive area and directional information as compared to single PMT optical modules
as used e.g. in the ANTARES and IceCube neutrino telescopes. The PMTs utilised in KM3NeT are
able to measure single photons with nanosecond timing accuracy needed for neutrino detection in
the deep sea. The spacing of the DOMs on a string is variable as is the horizontal spacing of the
strings on the sea floor. This allows targeting a specific neutrino energy range, which is needed for
the different science goals of ORCA and ARCA. ORCA will be densely instrumented to be able to
resolve neutrino events in the energy range of 1-100 GeV. On the other hand a large instrumented
detector volume is needed to be sensitive to the expected neutrino fluxes from tens of TeV up to
some PeV, the targeted energy range for ARCA. Strings are held vertical by a submerged buoy,
minimising horizontal displacement produced by the sea current. Nevertheless, acoustic position
calibrations are done regularly as well as optical time calibration and orientation calibration via a
compass and a tilt-meter within a DOM.

More about the detailed design of the detector elements and the physics goals can be read in

8hittp://www.km3net.org, KM3NeT: km3-sized Neutrino Telescope
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Figure 3.1: Artist’s impression of a KM3NeT building block including magnifications of single DOMs.
Picture taken from [66].

Figure 3.2: The KM3NeT DOM with 12 PMTs in two rows on the upper hemisphere 18 PMTs in three
rows on the lower hemisphere and one PMT pointing directly downwards. Picture taken from [7].
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Figure 3.3: The KM3NeT ltaly site (left) near Sicily and the France site (right) near Toulon where the
ARCA and ORCA detectors will be built in depths of about 3500 m and 2450 m, respectively. Pictures
taken from[7].

the Letter of Intent for ARCA and ORCA [7] published in July 2016. In the following sections, some
of the unique features of ARCA and ORCA will be presented as well as their science goals. At the
end of this chapter sources of non-neutrino background present in the deep sea will be explained.

3.1 Astroparticle Research with Cosmics in the Abyss (ARCA)

The ARCA detector will comprise two building blocks at the KM3NeT-Italy site at a depth of 3500 m,
about 100 km offshore from Porto Palo di Capo Passero, Sicily (Figure 3.3, left). It has the main goal
of detecting neutrinos of cosmic origin and therefore to observe the diffuse cosmic flux measured
by IceCube as well as subsequently finding galactic and extra-galactic neutrino point sources. The
IceCube measurements imply that diffuse cosmic neutrinos begin to dominate at some tens (v, +7,)
to a few hundred TeV (v, + ¥,) over the major background of atmospheric neutrinos (see Figure 2.2,
p. 21). The detector is designed to instrument the largest possible volume while retaining sensitivity
to neutrinos at these energies. The DOMs on a string have a distance of 36 m starting 80 m above
the sea floor. The strings have a total length of roughly 700 m and are spaced 95 m apart horizontally
on average. The instrumented volume of one ARCA building block can be approximated by a
cylinder of 0.61 km height and 0.50 km radius and therefore a volume of 0.48km3. With roughly
1 km?, the total instrumented volume of ARCA is comparable to that of IceCube.

3.2 Oscillation Research with Cosmics in the Abyss (ORCA)

ORCA has the main goal of determining the neutrino mass hierarchy by measuring atmospheric
neutrinos undergoing neutrino oscillations on their way through Earth. Matter effects may alter the
outcome of neutrino oscillations depending on the neutrino energy and its specific way through
Earth, i.e. the neutrino angle of incidence with respect to the detector. Resonant matter effects
revealing the neutrino mass hierarchy happen in the range of 1-20 GeV (see also Sections 2.2.2
and 4.1). To be able to detect and reconstruct neutrino interactions of a few GeV, the sole building
block used for ORCA has to be built much denser than an ARCA building block. The average
horizontal spacing between the ORCA strings will be about 20 m with a total string length of 200 m.
The DOMs on a string will have a distance of 9m leading to a total instrumented volume around
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3.6-10°m3 or 3.6 Mton water. The detector will be installed at the KM3NeT-France site at a depth
of 2450 m, about 40 km offshore from Toulon, France (Figure 3.3, right).

3.3 Background sources

It has already been pointed out in Section 2.1 that atmospheric neutrinos form a major background
for ARCA but are, on the other hand, the target neutrinos for ORCA.

A transient background for both experiments is given by occasional bursts of bioluminescence
varying in intensity and duration. The probability of a burst depends on the site and the sea cur-
rent. Short bursts can be filtered in real-time. The total inefficiency of the detectors caused by
bioluminescence is expected to be negligible [7].

In the following, the further background sources common to ARCA and ORCA, namely “°K
decays and atmospheric muons, will be described together with filters that are defined to reduce the
background resulting from “°K while keeping as many relevant signal events as possible.

3.3.1 “K background and filtering

The beta decay of “°K present in the deep sea forms a permanent source of photon hits in the
PMTs. The electron emitted in the beta decay is faster than the speed of light in water and therefore
emits Cherenkov light. The rate of single photon hits resulting from this, plus the PMT dark count
rate, is 6-8 kHz per PMT. This rate is reduced by the definition of filters. The level-one filter (L1)
corresponds to two or more photon hits on a DOM in different PMTs coincident within typically®
20 ns. The resulting L1 trigger rate is then just about 1000 Hz per optical module [7].

3.3.2 Atmospheric muons

Atmospheric muons are created in cosmic-ray air showers in the atmosphere. Many muons are
created in a single high-energy air shower and thus they mostly arrive at the detector as bundles
of more than one muon. As they lose energy during their travel and eventually are stopped and/or
decay, less muons arrive at the detector the greater the depth of the detector. Thus, atmospheric
muons typically arrive at the detector from the upper hemisphere, with an estimated trigger rate of
roughly 50 Hz for ARCA. See [68] for a comprehensive description of features of the atmospheric
muon flux relevant for KM3NeT including depth-dependence and bundle multiplicity.

As an example, the rate of atmospheric muons reaching the ARCA detector as a function of
energy and zenith angle is shown in Figure 3.4 compared with the rate of muons resulting from
muon-neutrino charged-current interactions in the vicinity of the detector. Both types of events
produce a track in the detector (see also Section 2.4). However, the rate of atmospheric muons
coming from above is up to six orders of magnitude larger than e.g. the rate induced by the IceCube
signal flux. Hence, neutrino searches in the track channel typically look for upward-going tracks.
Here, atmospheric muons misreconstructed as upward-going still have to be taken into account.

Furthermore, very-high-energy atmospheric muons may scratch the edge of the detector or may
undergo catastrophic energy losses mimicking shower events. This can be seen in Figure 3.5 which
displays a simulated event of the former case looking like a shower happening at the edge of the
instrumented volume. Although such events happen very rarely, atmospheric muon bundles are a
critical source of background in shower analyses, too, and may not be neglected (see Chapter 9).

9The trigger settings allow a variation of the coincidence time window.
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Figure 3.4: The expected muon rate at the ARCA detector induced from atmospheric muons according
to the MUPAGE parameterisation [67] (black), from charged-current interactions of atmospheric muon-
neutrinos according Honda [39] and Enberg [40] (blue), and of cosmic muon-neutrinos according to the
flux (Eq. (2.8)) as measured by IceCube [28] (green), see also Section 2.1. The rate is shown as a
function of total muon-bundle energy or parent neutrino energy (left) and as a function of zenith angle
(right) of the respective particle for corresponding energies greater than 10 TeV. The rates of neutrino
events is calculated from simulations (see Chapter 6).
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Figure 3.5: A simulated atmospheric muon event consisting of a bundle of six muons with a total bundle

energy of 1.0 PeV scratching the ARCA detector and looking like a shower event. For the interpretation
of the image see also Figure 2.10 (p. 34).






Part Il

Neutrino oscillation investigations for
ORCA

This part is related to the ORCA detector of the KM3NeT experiment and is based on neutrino os-
cillations in matter discussed in Section 2.2.2. It is divided into two chapters. Chapter 4 is about the
investigation of neutrino oscillation probabilities taking into account oscillation parameter uncertain-
ties and uncertainties in the model describing the Earth. These investigations have been initiated
as part of ORCA feasibility studies. At that time the ORCA detector was just about to be planned.
The output of these investigations was used as input for comprehensive and dedicated sensitivity
studies regarding the potential of ORCA to measure the neutrino mass hierarchy.

It was soon realised that in order to perform dedicated ORCA sensitivity studies, oscillation
probabilities need to be known to a high precision in the whole relevant parameter space. The
calculation of these oscillation probabilities is computationally very demanding. Taking the kinetic
parameters of energy and neutrino zenith angle and the six neutrino oscillation parameters, this
parameter space has already eight dimensions. With this in mind, an algorithm was needed that
is capable of producing the required oscillation probabilities for an arbitrary set of parameters in a
computationally efficient manner. This includes interpolation of oscillation probabilities and also a
sophisticated way of determining the points in the parameter space from which to interpolate from.
These studies are presented in Chapter 5.
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Chapter 4

Oscillation probabilities in the scope of
uncertainties

This chapter investigates the effects of uncertainties in the neutrino oscillation parameters and in
the Earth’s density distribution on neutrino oscillations through the Earth. The primary goal is to
make qualitative statements about how the parameter uncertainties affect the sensitivity of ORCA
to the neutrino mass hierarchy.

If neutrino oscillation probabilities are insensitive to changes in a parameter, then the mass
hierarchy sensitivity of ORCA will be insensitive to systematic uncertainties in that parameter. Con-
versely, if neutrino oscillation probabilities are sensitive to parameter changes, this may reduce the
mass hierarchy sensitivity but on the other hand allow ORCA to constrain that parameter.

Ideally, these estimates would include detector and event simulations, event reconstructions,
and likelihood fits which account for variations of the parameters relevant for oscillation probabilities.
However, at the time the work presented in this chapter was conducted, there were no detector
simulations, and therefore such an analysis was impossible. Instead, this work was part of initial
feasibility studies. It gave valuable input on the development of complete sensitivity studies by
highlighting important and negligible parameters, thereby reducing the number of parameters that
had to be accounted for in the studies presented in the KM3NeT Letter of Intent[7].

The studies target the oscillation probabilities of atmospheric neutrinos in the energy range
from 1 to 20 GeV and zenith angle range from 90° to 180°. This phase space region includes the
resonant matter effects which are the crucial phenomenon allowing ORCA to be sensitive to the
neutrino mass hierarchy (see also Section 2.2.2). The matter effects become significant for zenith
angles greater than roughly 110° and energies between 3 and 10 GeV.

Section 4.1 presents the calculation of oscillation probabilities. This includes a description of
the Earth model utilised, and illustrates how the oscillation probabilities differ between normal and
inverted hierarchy. In Section 4.2 the methods are defined that quantify the impact of the different
parameters on the oscillation probabilities. These methods are applied to infer the effect of oscilla-
tion parameter uncertainties in Section 4.3 and the effect of Earth model uncertainties in Section 4.4.
Finally, a summary and conclusions are given in Section 4.5.
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Layer name r[km] B[km] plg/cm®] @ cos @

Inner core 1222 1222 13 169° -0.98

Outer core 3480 2258 11 147°  -0.84

Lower mantle 5701 2221 5.0 117°  -0.45

Transition zone 1 | 5771 70 4.0 115°  -0.42

Transition zone 2 | 5971 200 3.8 110°  -0.35

Transition zone 3 | 6151 180 3.5 105° -0.26

LVZ/LID 6347 196 3.4 95.0° -0.087
Crust 1 6356 9 2.9 93.9° -0.069
Crust 2 6368 12 2.6 91.8° -0.031
Ocean 6371 3 1.0 90.0° 0

Table 4.1: The layers of the PREM together with their outer radius r, thickness B, approximate mean
density p, and zenith angle 6 with respective cos 8 of a neutrino path grazing the transition zone between
the given layer and the next one (with respect to a hypothetical detector at sea level).

4.1 Neutrino oscillations in the Earth

Oscillations of atmospheric neutrinos in the Earth lead to a characteristic pattern for the probability of
the final neutrino state depending on energy and incident zenith angle. Such patterns are illustrated
in Figure 4.1 for neutrinos and in Figure 4.2 for antineutrinos via so-called oscillograms. The studies
presented in the following sections are based on such oscillograms.

An oscillogram as defined here shows the probability for a neutrino of certain flavour to oscillate
into a given flavour after travelling through the Earth, for the energy and zenith angle range con-
sidered. It consists of 150 intervals in the energy range from 1 to 20 GeV and 300 intervals in the
zenith angle range from 90° and 180°. The intervals are distributed equidistantly over the logarithm
of the energy and the cosine of the zenith angle (-1 <cos8<0). Thus, in total 45,000 data points
are generated per oscillogram. The higher number of data points with respect to the zenith angle is
chosen in consideration of the discontinuous Earth density profile (see below).

Due to the finite energy and direction resolution of the ORCA detector, the high-frequency pat-
tern at small energies and large zenith angles will wash out to a large extent. Going to higher
energies and smaller zenith angles, fewer minima and maxima occur on the oscillograms due to the
longer oscillation length and the shorter distance covered in the Earth, respectively.

Comparing Figure 4.1 and 4.2, it becomes clear that the patterns for neutrinos (antineutrinos)
at normal mass hierarchy are essentially the same as those for antineutrinos (neutrinos) at inverted
mass hierarchy. This should be kept in mind for the following sections when the effect of different
parameter uncertainties are discussed. This phenomenon follows from the underlying neutrino
equation of motion in matter (Section 2.2.2). Nevertheless, a net asymmetry in the combined (v +¥)
event rates will be measurable in ORCA. This is mainly due to the fact that in the targeted energy
range, the CC neutrino interaction cross sections are different by about a factor of two [7,69].
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Figure 4.1: Oscillograms showing the probability of atmospheric neutrinos to oscillate into electron
(left), muon (middle) and tau neutrinos (right column) after traversing the Earth, as functions of energy
and of the cosine of the zenith angle. The top two rows show the probability for assumed normal mass
hierarchy (NH), the bottom two rows for inverted hierarchy (IH) for incident electron and muon neutrinos
(top and bottom, respectively). Comparing the cases for normal and inverted hierarchy, the effect of
resonances in the Earth are clearly visible (here for NH), especially in the energy range from 3 to 9 GeV
and cosine of zenith angle below -0.45. For antineutrinos (see Figure 4.2) the resonance effects occur
for IH.
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Figure 4.3: The density profile of the Earth along a neutrino path for various zenith angles. At zenith
angles bigger than 117° (cos 8 <-0.45) the path traverses the lower mantle which is the region where
matter effects begin to matter. From angles exceeding 147° and 169° (cos < -0.84 and cos 0 < -0.98),
also the outer and inner core is crossed, respectively.

The Earth model used here is the Preliminary Reference Earth Model (PREM)[56]. Therein,
the density distribution is assumed to be spherically symmetric with a total of ten different density
layers distributed over two main structures, the Earth core and the Earth mantle. Within each of the
ten layers the density profile is approximated by polynomials of third degree or less. A summary of
the main features is given in Table 4.1 including outer radii and mean density of single layers.

Depending on the zenith angle, the neutrino path through the Earth traverses only part of the
different layers and a different density profile. Zenith angles corresponding to paths “touching” a
certain layer are also given in the table. Figure 4.3 illustrates the density profile for different zenith
angles.

For the matter effects on neutrino oscillations, the electron number density is essential (see
Section 2.2). Having the Earth matter density, it is determined from the electron fraction Y, in the
Earth matter. For the inner and outer Earth core, expected to mainly consist of iron, the electron
fraction is approximated by Y, =0.466[70]. The mantle on the other hand consists of a variety of
different rock types. Here the electron fraction is roughly given by Y, =0.494 [71].

The oscillation probabilities are calculated by solving the differential equation of motion (first
equation of Egs. (2.21)) numerically in Python via the SciPy [72] integration package odeint, which
is a wrapper for the ODEPACK Fortran library [73]. The corresponding code has been provided by
courtesy of Patrick Toale who wrote it for the PINGU experiment [74] of the IceCube collaboration.
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To assess the precision of the numerical calculation, the calculated oscillation probabilities were
compared by Patrick Toale with those as calculated by Soebur Razzaque (written in Fortran)[75].
The differences between both methods are smaller than 10,

The code allows the variation of the six neutrino oscillation parameters. To adapt it to ORCA,
only the depth of the detector had to be adjusted. The code has then been extended to include
the possibility of varying parameters that describe the Earth. This includes changing the electron
densities of single layers by a given factor, shifting the position of layer boundaries and smoothing
the transition between layers.

The computation time depends strongly on the neutrino energy and zenith-angle: the number of
space (or time) steps along the neutrino path evaluated for the numerical calculation is roughly 980
for a 1 GeV neutrino coming straight from below (6 =180°) whereas the number of function evalua-
tions is around 2200. These numbers decrease with higher energy and smaller zenith angle, e.g.
to 340 and 880, respectively, for a zenith angle of 6=135° and energy E =10 GeV. The generation
of the data needed for the oscillograms corresponding to one incident neutrino type (e.g. one row in
Figure 4.1, 45000 data points per oscillogram) takes roughly one and a half hours on a single “Intel
Xeon X5650” CPU.

The oscillograms calculated with this code are used to quantify the impact of oscillation and
Earth parameters on the neutrino oscillation probabilities as shown in the next section.

4.2 Uncertainty impact measures

In order to characterise the influence of single parameters on the oscillation probabilities, several
measures are defined in the following based on the oscillograms introduced in the previous section.
In total variations of 34 parameters are considered. These are the six oscillation parameters intro-
duced in Section 2.2, and 28 parameters describing the Earth: the density of each of the ten PREM
layers, the position of the nine boundaries between two adjacent layers, and the smoothness of the
nine density transitions between two layers. The considered ranges for the oscillation parameters
are the respective 3 o~ uncertainty ranges (see Section 4.3). For the Earth parameters, ranges are
chosen based on uncertainty estimates (see Section 4.4).

Given v, v, and v,, v, v; as the initial and final neutrino and antineutrino states, respectively,
and the two possible mass hierarchies, a total of 24 different channels have to be considered to
measure the influence of a single parameter. In order to simplify the following descriptions, the set
of these 24 types of channels shall be called Q, an element of this set gq. Then, the set can be
written as Q = {({/)x — (_v)y,H} with x € {e,u}, y € {e,u,7} and H € {NH,IH}, where NH stands for
normal hierarchy and IH for inverted hierarchy. The oscillation probabilities for given x, y, H and
particle or antiparticle (v or ¥) are then written as

P (p:E,0) = P(vy — vy, H; p; E, ) (4.1)
q y

with E the neutrino energy, 6 the zenith angle, and p the respective parameter under consideration,
i.e. one of the 34 parameters mentioned above. The dependence on the other parameters is omitted
here.

In order to derive the final measures, additional definitions are made. Denoting the bounds of
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the considered range of a parameter p by p_ and p., the local effective difference (LED)

P+
0P,(p;E,0)
LED,(E,6) = qu dp = P,(p+; E,0) — Py(p-; E, ) (4.2)

P-

gives the effective change of the oscillation probability within the considered parameter range. The
LED can take both negative and positive values. However, it does not take into account oscillatory
behaviour of the integrand. To take that into account, the local absolute difference (LAD) is defined:

P+
oP,(p-E, 0
LAD,(E. 6) = f ’%‘dp. (4.3)
p-

It holds LAD,(E, ) > |LED,(E, 6)|, i.e. a large LED indicates a large impact of that parameter, a small
LAD a small impact in the specified oscillation channel at the given energy and zenith angle'®.

To account for the total change of a given type of oscillogram over the whole E—cos8—plane
considered, the global effective difference (GED) is defined as the normalised sum of the LED over
all data points in an oscillogram:

Neg Ny

1
GED, = 5 D LED(E:, 6), (4.4)

i=1 j=1

where, Ng =150 and Ny =300 are the number of data points along the respective kinetic variable
and E; and 6; stand for the energy and zenith angle related to the i-th data point. Here, a large
value indicates a large impact of the parameter for the considered type of oscillation. Nevertheless,
positive and negative values of the LED may cancel out and produce a very small GED even though
differences in some regions of the oscillogram might be large.

Therefore, similarly to the LAD, the global absolute difference (GAD) is defined taking into ac-
count such differences including also oscillatory behaviour. It is given by the normalised sum of the
LAD over the E —cos 8—plane:

Ng Ny

1
GAD, = NN Z Z LAD,(E;, 6)). (4.5)

i=1 j=1

A small value of the GAD means a small impact of the considered parameter for the type of oscilla-
tion g. Similarly to the local differences, also for global differences GAD, > |GED,|.

With the above definitions, six measures are defined that are used for the descriptions in the
following sections:

e The maximum of the LED over energy, zenith angle and oscillation channel, maximum local
effective difference (MLED):

MLED = max {|LED,(E.0) |} (4.6)

EE[Emin ,Emax],
O€[Omin,Omax]

19To numerically calculate the LAD, a number of 31 data points were produced along a given parameter dimension.
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with Enin=1GeV, Enax=20GeV and 6nin =90°, 0nhax = 180°. A large MLED indicates a high
impact of the corresponding parameter. However, the impacted energy and zenith-angle re-
gion might be small. Therefore, it still needs to be compared with global measures (below) to
make definite statements.

The maximum of the LAD over energy, zenith angle and oscillation channel, maximum local
absolute difference (MLAD):

MLAD = max {LAD,(E.0)] 4.7)
g€0,
E€[Emin,Emax],
O€[Omin,Omax]

A small value of the MLAD unambiguously implies that the corresponding parameter has no
large influence. If it has a large value, a comparison with global measures is necessary.

The maximum of the GED over oscillation channels, maximum global effective difference
(MGED):

MGED = r?eaég{|GEDq|} (4.8)

A large value of the MGED signals a large impact. If its value is small, a comparison with
other measures is heeded as it may result from large LEDs cancelling out each other.

The maximum of the GAD over oscillation channels, maximum global absolute difference
(MGAD):

MGAD = max {GAD, | (4.9)

As with the MLAD, a small value of the MGAD signals a small influence. The MGAD can be
large even tough the MGED is small. In such a case a more thorough investigation is needed.

The GED averaged over oscillation channel, average global effective difference (AGED):

1
AGED = QEZQ|GED(,| (4.10)

The GAD averaged over oscillation channel, average global absolute difference (AGAD):

1
AGAD = qEZQ: GAD, (4.11)

The AGED and AGAD measure the total impact of a parameter. They therefore also help to
compare the general impact of different parameters.

These six measures will be used in the following sections to draw conclusions about the importance
of the considered parameters. Note that by definition these measures are greater than or equal to
zero and the measures based on the LED can have a maximum value of unity.
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30 range

Oscillation Parameter
Normal Hierarchy Inverted Hierarchy

sin® 01/107"! 2.59 -3.59 2.59 -3.59
sin® 613/1072 1.69 —3.13 171 -3.15
sin® 63/107! 3.31-6.37 3.35-6.63
Am2, /1073 eV? 6.99 — 8.18 6.99 — 8.18
Am3, /1073 eV? 2.23 -2.66 2.13-2.57
Ocp/m 0-2 0-2

Table 4.2: The 30 ranges of the oscillation parameters according to Fogli et al. [50] which in general
depend on the assumed neutrino mass hierarchy. For the CP phase 6, no value is disfavoured at the
30 level.

4.3 Oscillation parameter uncertainties

For the investigation of the effect of the uncertainties in oscillation parameters on the oscillation
probabilities, the 3 o ranges as determined by Fogli et al. [50] have been used. They are shown in
Table 4.2 and were up-to-date at the time this study was performed'!. Each oscillation parameter
has been investigated separately. As only two of the three mass squared differences are indepen-
dent, Am3, and Am3, are used for the description.

Tables 4.3 and 4.4 summarise the influences of the different oscillation parameters by showing
the measures based on the LED and LAD, respectively, as defined in the previous section. In the
following, the impact of each parameter will be described in detail. Keep in mind that the most
relevant kinetic region for resonant matter effects and thus for the mass hierarchy determination
is given by 3GeV < E <9 GeV and cos 6 <-0.45 (see also Figure 4.1, p. 47). This range will in the
following be referred to as resonance region. Also recall that resonant matter effects happen for
neutrinos given normal mass hierarchy (NH) and antineutrinos given inverted mass hierarchy (IH).

Impact of sin’ 6,

The MLED due to the 68y, uncertainty is the same as the respective MLAD and relatively small,
MLED =MLAD =13%. Both are reached at energy E =1.02GeV and cosine of zenith angle cos 6=
-0.92 for v, — v, NH.

The local differences for this type of oscillation are shown in Figure 4.4 in the E—cos 6—plane.
It can be seen that the strongest impact is at low energies where the oscillations will be totally
washed out. This is also the case for the other oscillation channels. Thus, also the differences will
be washed out and no notable effect will be detectable in this region for ORCA. In general for 6, it
holds |LED| = LAD, thus no oscillatory behaviour of the oscillation probabilities as a function of 6, in
its 3 o range.

The MGED and the AGED are around 0.1% and 0.05%, respectively, and the local differences
in the resonance region around 3% at maximum. Therefore, implications on determining the mass

"See the end of this Section for a brief discussion of the effects of updated constraints on oscillation parameters on the
work presented here.
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| E[GeV] [ coso | MLED | MGED | AGED
P(v, = vy,NH) | P, = v, IH)
sin 6y, | 1.02 | -0.92 12.7% 0.109% 0.0545%
P(ve = Ve,NH) | P(#, = 77, IH)
sin?#y3 | 3.8 | -0.94 53.8% 3.08% 1.42%
P, — v, IH) P, — Ve, 1H)
sin?6; | 6.0 | -0.82 34.0% 5.06% 2.14%
P, — v,,NH) | P(v, — v,,NH)
Am2, | 1.00 |-0.99 13.2% 0.217% 0.0996%
P(v, — vy,NH) | P(v, — v,,NH)
Am3, 33 |-0.85 95.3% 0.457% 0.241%
Jep 1.90 | -0.81 0% 0% 0%

Table 4.3: Measures based on the local effective differences (LED) as defined in Section 4.2 for each
oscillation parameter. The second and third column give the energy and cosine of zenith angle where
the maximum local effective difference (MLED) is reached. The remaining three columns give, from left
to right, the MLED, the maximum global effective difference (MGED) and the average global effective dif-
ference (AGED). For the MLED and MGED, also the channel is given for which the maximum is reached.
For comparison see Table 4.4.

| E[GeV] [ cosd |  MLAD |  MGAD | AGAD
P(vy = vy, NH) | P(v, — v, IH)

sinf, | 1.02 | -0.92 12.7% 1.20% 0.477%
Pv, - v.,NH) | P(v, — v.,NH)

sin® 03 3.8 -0.94 53.8% 7.01% 2.65%
P, = vy, IH) | P(7, — 7, H)

sin6y | 6.0 |-0.82 34.0% 12.4% 4.81%
P, — v,,NH) | P(v, — v,,NH)

Am?, 1.00 |-0.99 13.2% 1.35% 0.517%
P(vy = vy, IH) | P(vy — v, IH)

Am?, 1.00 |-1.00 389% 64.3% 24.1%
P(vy, — vy,NH) | P(v;, — v.,NH)

Sep 1.04 |-0.84 37.4% 5.58% 3.10%

Table 4.4: Measures based on the local absolute differences (LAD) as defined in Section 4.2 for each
oscillation parameter. The second and third column give the energy and cosine of zenith angle where
the maximum local absolute difference (MLAD) is reached. The remaining three columns give, from left
to right, the MLAD, the maximum global absolute difference (MGAD) and the average global absolute dif-
ference (AGAD). For the MLAD and MGAD, also the channel is given for which the maximum is reached.
For comparison see Table 4.3.
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Figure 4.4: The local effective differences originating from a change of 1, as defined in Eq. (4.2) over
the E —cos 8 —plane in the case of v, — v,, NH. The largest differences appear at low energies. In the
resonance region, the changes are only around a few percent.

hierarchy for ORCA are negligible. In turn, ORCA will have virtually no sensitivity to ;5.

The main reason why the effects are so small is that 6;, plays only a minor role in the high-
frequency oscillations due to large mass squared differences. However, these are the impor-
tant ones for the neutrino mass hierarchy determination with ORCA. In fact, in the approximation
Am%1 = Am%2 the high-frequency oscillations are completely independent of 6,,. On the other hand,
01> has a major influence on the oscillations governed by the small mass squared difference. This
also explains why the impact decreases with higher energy as the low-frequency oscillations be-
come more and more negligible with higher energy.

Impact of sin” 6,5

In spite of the mixing angle 6,3 being rather small, a change within the 3 o ranges affects the oscil-
lation probabilities significantly. This is because of the resonant amplification of the 3-1-mixing due
to the matter effects in Earth. Thus, a change in 6,3 leads to a change of the characteristic pattern
in the oscillograms emerging from the matter effects in the cases the resonances are passed.

The MLAD is the same as the MLED reaching 54% in the resonance region for P(v. — v,,NH).
The LEDs for this case are shown in Figure 4.5. It becomes clear that the largest deviations arise
for neutrinos travelling through the Earth’s core. For such neutrino paths, resonance effects happen
both in the mantle and core and over a wide energy range from roughly 2 to 10 GeV. Also for paths
going only through the Earth’s mantle (cos 6 >-0.84), the differences are still significant with values
up to 20% over a large area around E =6 GeV. Therefore, an incorporation of the ;3 uncertainty is
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Figure 4.5: The local effective differences originating from a change of 6,5 as defined in Eq. (4.2) over
the E —cos @ —plane in the case of v, — v,, NH. The largest differences occur for neutrino paths going
through the Earth’s core, where resonance effects are most prominent.

expected to reduce the sensitivity to the mass hierarchy.

The MGED is rather small with a value of 3.1% (reached for v, — ¥.,IH), i.e. the positive and
negative changes cancel out to a certain degree. The AGED has a value of only 1.4%, the AGAD
of 2.7%. All this indicates that the total number of neutrinos of a given type at the position of the
ORCA detector is not much influenced by a change of 6,3. Thus, the possible sensitivity of ORCA
to 63 will depend on the energy and direction resolution of the detector.

Impact of sin® 63

With a change of 8,3 within its 3 o range, the shape of the characteristic oscillatory pattern is only
hardly modified but the amplitudes change to a large extent especially in the resonance region.
Again the MLED is equal to the MLAD and amounts to 34% and is realised for P(v, — ¥,,IH). The
LEDs for this case are shown in Figure 4.6. It can be seen that all are of the same sign.

Related to this, it is also worth noting that P(v, — v,, IH) is independent of 6,3, i.e. the differences
(LAD) when changing 6,3 are zero. Additionally, the LED in the other two cases, P(v. — ¥,,IH) and
P®, — v;,IH), are over most part of the E —cos 6—plane of the same sign (just like in Figure 4.6),
however positive and negative, respectively. Furthermore, the LED in the case P(v, — v.,IH) are
very small and the changes in the channels (v, — v,,IH) cancel out mostly. Thus, in total for IH,
a change of 6,3 keeps the number of muon antineutrinos constant. However, it leads to an effective
increase of electron antineutrinos and a decrease of tau antineutrinos. The same argument holds
for neutrinos and normal mass hierarchy. Therefore, an experiment like ORCA can increase its
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Figure 4.6: The local effective differences originating from a change of 6,; as defined in Eq. (4.2)
over the E —cos 8 —plane in the case of v, — v,,IH. Large differences even above 30% occur and all
differences have the same sign over the whole E —cos 6 —plane.

sensitivity to 8,3 by being able to efficiently distinguish electron from tau (anti)neutrinos.

In the cases where the MSW-resonance conditions are not realised (neutrinos at IH and antineu-
trinos at NH), the local differences are negligible, reaching values of up to 2% above 2 GeV and up
to around 7% below 2 GeV. The effects below 2 GeV won’t be a measurable as the differences will
wash out given the finite energy resolution of the detector.

Impact of Am3,

The small mass squared difference Am%1 mainly affects the long oscillation lengths which hardly
play any role for the neutrino oscillations relevant for ORCA. Thus, a change in Am%1 has only little
effect which mainly arises due to the fact that, leaving Am3, constant, a change in Am3, also leads
to a change in AmZ,. Due to Am2, being large compared to the changes, the effects are negligible
in the kinetic region considered here.

At low energies and high zenith angles where many oscillations happen along the path, the
differences are maximal: MLED=13% at E=1.0GeV and cos#=-1.0 for ¥, — ¥,,NH. This is
a channel without resonance and the LEDs for this case are shown in Figure 4.7. The larger
differences in the low energy/large zenith-angle region will wash out. Above 3GeV, the LAD is
below 3%. Thus, the effect of the Amg1 uncertainty on the determination of the neutrino mass
hierarchy is negligible for ORCA.
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Figure 4.7: The local effective differences originating from a change of Amgl as defined in Eq. (4.2)
over the E —cos 6 —plane in the case of v, — v,, NH. The largest differences occur at small energies
and large zenith angles in a fast changing pattern which will wash out due to the finite resolution of the
detector.

Impact of Am3,

The large mass squared difference Amgl is responsible for the high-frequency oscillations. There-
fore, a variation has a large influence on the oscillation probabilities relevant for ORCA. The local
absolute differences are shown in Figure 4.8, the effective differences in Figure 4.9, both in the
case of v, — v,,NH. The MLAD reached at the border at E=1.0GeV and cos #=-1.0 has a value
of 389%. The MLED is 95% reached at £ =3.3 GeV and cos §=-0.85.

These large differences for low energies are most easily explained when looking at the two-
flavour vacuume-oscillation scheme with the approximation Amg1 — 0. Here, the oscillation probabili-
ties depend on Amg1 /E and therefore an increase of the large mass squared difference by a given
factor leads to the same result as decreasing the energy by the same factor. Hence, it becomes
clear by looking at standard oscillograms (Figure 4.1, p. 47), why at low energies the absolute differ-
ences become much larger than 100%. The relation between energy and the large mass squared
difference still holds qualitatively at higher energies. Thus a difference in Am§1 is equivalent to
a systematic uncertainty in the energy resolution. An example where this can be seen is shown
in Figure 4.10. This figure also shows that due to the aforementioned reasons there is also no
discrimination power at low energies and large zenith angles with respect to Amgl.

In the resonance region, the differences have values around 80% and are very high. They thus
could interfere with the sensitivity to the neutrino mass hierarchy. On the other hand, by looking at
events with energies above 10 GeV, it should be possible to get a handle on the large mass squared
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Figure 4.8: The local absolute differences originating from a change of Am3, as defined in Eq. (4.3)
over the E —cos 0 —plane in the case of v, — v,, NH. The differences accumulate up to about 390% at
small energies and large zenith angles. For comparison see Figure 4.9.

difference and reduce the uncertainty.

Impact of ¢,

The CP phase 6, is completely unconstrained at the 3 o~ level so that the 3 o range is defined here
from 0 to 27. Thus, the oscillation probabilities being a cyclic function of dc,, the LED are zero
everywhere and the absolute differences have to be considered. They are shown in Figure 4.11 for
P(v, — v,,NH). As with most other oscillation parameters, the largest differences appear at lower
energies (Table 4.4). There are many regions in the E —cos 6 —plane where the absolute difference
is rather large.

To get a feeling of the actual change of the oscillation probabilities, consider that in general the
oscillation probability as a function of the CP phase goes through a single minimum and maximum.
The difference between these extrema is then the half of the absolute difference which is below 20%
at the maximum. In the resonance region, the difference between maximum and minimum is below
7%. The MGAD is 5.6%, the AGAD 3.1%. Taking into account the cyclic behaviour, it follows that
the impact of the CP phase is rather small and ORCA will not have a high sensitivity to it. On the
other hand the effect on the sensitivity to the mass hierarchy has to be handled with care.
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Figure 4.9: The local effective differences originating from a change of Am§1 as defined in Eq. (4.2) over
the E —cos 6 —plane in the case of v, — v,, NH. Large differences occur over the whole E —cos 6 —plane.
For comparison see Figure 4.8.
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Figure 4.10: The oscillation probability P(v, — v., NH) as a function of energy at cos § =-0.99 for differ-
ent values of Am§1 in its 3o range. At energies between 1 and 2 GeV, the curves are not distinguishable.
At high energies, the differences between the different curves are still rather large and the shift in energy
between the curves becomes clear.

Impact of new constraints on oscillation parameters

It has been mentioned in the beginning of this Section that the oscillation parameter constraints
given in Table 4.2 were the up-to-date ones at the time this study was performed. The ones up-to-
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Figure 4.11: The local absolute differences originating from a change of 5, as defined in Eq. (4.3) over
the E —cos 8 —plane in the case of v, — v,, NH. Most effect happens at low energies around cos 6 =-0.4
and for paths going through the Earth’s core.

date at the time of this writing are given in [76]. They show only slightly stricter constraints except
for the 6;3 mixing angle and the large mass squared difference Amﬁl.

For both assumed mass hierarchies, the allowed 3 o range for 6,53 decreased by 57%, for the
large mass squared difference by roughly 40%. A corresponding change is expected in the impact
of these parameter on the oscillation probabilities, i.e. local differences in the resonance region will
still be around 25% for 6,5 and 40% for Amgl. Therefore, the impact of these parameters will still
play an important role.
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4.4 Uncertainties in the Earth model

The influence of three different classes of parameters have been investigated: 1) the electron num-
ber density of the different Earth layers taking into account the uncertainties in both matter density
and chemical composition, 2) the border positions between layers, and 3) the smoothness of the
transition between layers generally described as sudden jumps.

As mentioned in Section 4.1, to model the interior of the Earth, the preliminary reference Earth
model (PREM[56]) is used. Intended to be preliminary, the authors refrained from giving a precise
estimation of possible errors for the density distribution. According to [77], the densities of the
Earth’s interior, averaged over 100km, are expected to be correctly described by the PREM to
within 5% at nearly all depths in the Earth.

Little information on the precision of the layer thicknesses is given. E.g. in [56], it is stated that
three different studies agreed on the Earth’s core radius within 0.2% without giving errors on the
single studies.

Density jumps between different layers are expected to have a 1-2% precision [56]. However,
there is not much information on the size of the range within which the density jump occurs. In [77],
it is mentioned that there is strong evidence that the density jump between the inner and outer core
and the outer core and lower mantle happens within less than 3 km which is small compared to the
thickness of these layers.

Another uncertainty important for neutrino oscillations arises from the chemical composition of
the different layers, as the relevant quantity affecting matter oscillations is the electron number den-
sity. For the core the uncertainty in the electron fraction is about 1% [70].

With this in mind, it was chosen to vary the density within +9%, the border positions within
+9% relative to the thicknesses of adjacent layers, and the transition between two layers has been
smoothed according to the thicknesses of adjacent layers (see below for the exact definition of
the variations). These rather large ranges allow for an ample study of the respective effects on
the oscillation probabilities. With the change of the parameters the conservation of the Earth mass
(known to 0.01% precision [78]) has been neglected. The resulting change in oscillation probabilities
allows for an estimate of the sensitivity of ORCA to PREM parameters, and conversely, also of the
precision needed for ORCA in the Earth model description.

In the following sections, the effects of the parameter variations will be described in detail. As
the parameters are changed layer by layer, only neutrinos whose paths go through the specific layer
are affected by a change. Hence, the deeper a layer the smaller the affected zenith angle range.
In addition, as the outer layers are rather thin, effects due to the outer layers will turn out to be
negligible.

4.4.1 Density changes

The densities in the different layers are varied in steps of +3% up to +9%. The largest impact is ex-
pected for the core layers and the lower mantle as these are the largest layers and their densities are
in the relevant range for the resonant matter effects of the oscillations (Section 2.2.2). Furthermore,
changing the density in the lower mantle affects neutrino zenith angles up to cos 8=-0.45, whereas
for the inner and outer core only zenith angles up to cos §=-0.98 and cos 8=-0.84 are affected (see
also Table 4.1, p. 46).
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Tables 4.5 and 4.6 list the measures based on the effective and absolute differences, respec-
tively, defined in Section 4.2. The largest local differences are reached for changes in the outer
core with values up to nearly 90%. For both the inner core and the lower mantle these differences
only reach up to roughly 50%. On the other hand, the global difference is the largest for changes of
the density in the lower mantle due to the reasons mentioned above. Changes in the layers above
the lower mantle have only minor impact as their thicknesses are much smaller than the relevant
neutrino oscillation length.

How the density change in the outer core affects the oscillations of v, — v, for normal hierarchy
(largest MLED) is illustrated in Figure 4.12. It shows the corresponding oscillograms for a density
change of -9% and +9%, respectively. In the latter case, the density of the outer core reaches the
density of the inner core and the kink in the oscillogram at cos 6 =-0.98 vanishes. Note though that
this adjustment of the density contradicts the PREM in such a way that the core then only consists
of one density layer. Realistic deviations from the PREM in these layers are therefore expected to
be much smaller.

Since the core layers only influence a rather small zenith angle range, it is not expected for
ORCA to have a very good sensitivity to their densities considering each layer separately. Also the
influence on the sensitivity to the mass hierarchy should be small. The same is true for the layers
above the lower mantle. For the lower mantle on the other hand, or when looking at a combination
of several layers, the influence is larger and detailed analyses are advisable.
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Earth layer \ E [GeV] \ cosf \ MLED \ MGED \ AGED

P(vy = v;,NH) | P(v, — v,1H)

Inner core 3.7 -1.00 45.2% 0.0507% 0.0192%
Py, - v.,NH) | PH, — v;,1H)

Outer core 3.4 -0.98 87.3% 0.547% 0.207%
P&, — v.,IH) P&, — v, IH)

Lower mantle 54 -0.81 49.8% 1.02% 0.247%
Py, - v.,IH) | P(v. = v;,NH)

Transition zone 1 4.7 -0.44 8.26% 0.0288% 0.0117%

Table 4.5: Same as Table 4.3 (p. 54) for changes in the density of the respective layer. For comparison,

see Table 4.6.

Earthlayer | E[GeV]|cos# | MLAD | MGAD | AGAD
P(v, = v:,NH) | P(v, — ¥,,IH)
Inner core 3.7 -1.00 45.2% 0.195% 0.0649%
P(v, - v.,NH) | P(v, — v,,NH)
Outer core 3.4 -0.98 87.3% 3.06% 0.995%
P@, = v.,IH) P&, = v.,1H)
Lower mantle 54 -0.81 49.8% 5.13% 1.60%
P&, = v.,IH) P&, = v.,IH)
Transition zone 1 4.7 -0.44 8.26% 0.201% 0.0679%

Table 4.6: Same as Table 4.4 (p. 54) for changes in the density of the respective layer. For comparison,

see Table 4.5.
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Figure 4.12: Oscillograms for a density change in the outer core of -9% (top) and +9% (bottom) in the
case of v, — v, NH. Oscillation probabilities for neutrinos going through the Earth’s core (cos 6 < 0.82)
change significantly.
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Figure 4.13: The local effective differences as defined in Eq. (4.2) over the E —cos 8 —plane originating
from a shift of the core-mantle border in the case of v, — v.,NH. Neutrinos not going through the
Earth’s core are therefore unaffected (-0.82 < cos 6 < 0). The largest differences appear in the region of
the border change (-0.87 < cos 6 < -0.82).

4.4.2 Border shifts

In order to investigate the effects of different border positions, they are shifted on a percent basis.
The position change is given as a fraction s of the thickness of the layer the border is moved towards
to. The fraction has been varied between +9% in steps of +3%. Thus, given the position of the
border between layer i and i + 1 by the outer radius r; of the inner layer, the new position r/ is given
as

IA

, ri+ 8- (rig1 —ri) for 0% < s < 9%,
ri+s-(ri—ri-1) for-9% < s < 0%.

For instance regarding the +3%-shift for the border between the inner and outer core'?, the border
is shifted 36.7 km towards the inner core for -3% and 67.7 km towards the outer core for +3%.

Therefore, the position of the border between the outer core and lower mantle receives the
largest absolute change as these two have the largest thicknesses with 2258 km and 2221 km,
respectively. Additionally, since the density jump between these two layers is the most profound one
and the densities in these layers are most decisive for the resonant matter effects, it is expected that
this border change has the largest impact.

12The thickness of the inner core being 1222 km and of the outer core 2258 km (Table 4.1, p. 46).
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Figure 4.14: The oscillation probability P(v. — v., NH) as a function of the zenith angle at E = 6.2 GeV
for different shifts s of the mantle-core border (see text for the definition of the shift). With increasing size
of the Earth’s core the oscillatory pattern generated by neutrinos going through the core broadens with
respect to the zenith angle. Neutrinos not going through the core are unaffected.

The differences defined in Egs. (4.6) to (4.11) measuring the effect of the changes are sum-
marised in Table 4.7 and 4.8. Indeed, with an MLED of 91%, the change of the border position be-
tween the outer core and lower mantle has the largest effect. The fact that only neutrinos with zenith
angles large enough are affected reduces the global effect. Nevertheless, with an MGED of 0.26%
and an AGED of 0.068% the largest global differences occur compared to changes in other layers.
The MGED and AGED for the change of the adjacent borders are 0.010% and 0.0038% (inner core
- outer core), and 0.035% and 0.015% (lower mantle - transition zone), respectively. Consequently,
these changes seem negligible. For all other layers, being relatively thin, the changes become even
less important as the borders are shifted only by a rather small amount.

In the oscillograms, the change of the border position between the outer core and lower mantle
lead to a shift of the kink around cos 6 =-0.85. Consequently, most of the changes of the oscillation
probabilities happen in this region. This is illustrated in Figure 4.13. It also shows the significant
changes in oscillation probability reaching values up to +30% for neutrinos travelling through most
of the Earth’s core.

In Figure 4.14 the oscillation probability P(v. — v.,NH) is shown as a function of the zenith
angle for different border shifts, at an energy of 6.2 GeV. It can be seen that border changes result
not only in a shift of the kink but also in a broadening of the overall oscillation pattern at zenith
angles corresponding to neutrinos travelling through the core. A useful fact for the experiment if
zenith angle resolutions are well enough.

4.4.3 Transition smoothing

In order to model the smoothing of the border transitions, the density distribution in the Earth is
written with the help of sigmoid functions in the following way:

Z pl(r) Pz+1(’”)

i=1 exp l

p(r) = + p1o(r). (4.12)

Here, p;(r) is the polynomial given by the PREM describing the density in layer i which has outer
radius r; according to Table 4.1 (p. 46), so that p; () describes the inner core, p,(r) the outer core etc.
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Earth layer ‘ E [GeV] ‘ cosd ‘ MLED ‘ MGED ‘ AGED
Pv, - v.,NH) | P(¥, - v;,1H)
Inner core 3.5 -0.98 8.36% 0.0101% 0.00377%
Pv, - v.,NH) | P(v, —> v.,,NH)
Outer core 4.6 -0.85 91.0% 0.264% 0.0679%
Py, - v.,IH) | P(v. = v;,NH)
Lower mantle 4.3 -0.50 9.18% 0.0351% 0.0153%
Py, - v.,IH) | Pv. = v;,NH)
Transition zone 1 4.6 -0.42 0.0512% 9.44-10°% | 3.85-10°%

Table 4.7: Same as Table 4.3 (p. 54) for changes in the position of the outer border of the respective
layer. For comparison, see Table 4.8.

Earthlayer | E[GeV]| cos6 | MLAD | MGAD | AGAD
P(v, - v.,NH) | P(v, — v.,,NH)
Inner core 3.5 -0.98 8.36% 0.0395% 0.0131%
P(v, - v.,NH) | P, — V., IH)
Outer core 4.6 -0.85 91.0% 2.42% 0.779%
P&, — v, IH) P&, — v, IH)
Lower mantle 4.3 -0.50 9.18% 0.347% 0.116%
P&, — v.,IH) P&, — v, IH)
Transition zone 1 4.6 -0.42 0.0512% 7.63-10%% | 2.60-10%%

Table 4.8: Same as Table 4.4 (p. 54) for changes in the position of the outer border of the respective
layer. For comparison, see Table 4.7.

This functional form allows for a representation of the full density distribution in a single function.
In addition a simple variation of the “smoothness” w; of the transition from layer i to layer i+ 1 is
possible. In the limit w; — 0, ¥ i, the formula reproduces the density distribution of the PREM.

In order to relate the smoothnesses w; to transition widths, the following considerations are
made. Given the w are reasonably small

w <K< |rlu_,1 - I’l'l Vl, (413)

so that

exp(ri_1 _ r,-) ~ 0, exp(rprl _ r,-) > 1, (4.14)

Wi wi

their values only affect the density distribution in a small range around the border between the two
adjacent layers. Looking now at the density distribution around a single layer boundary given by j,
i.e. r~rj, the following abbreviations are used:

pj=pjr) = pir), (4.15)

Pjs1 = pjr1(r)) = pjpi(r), (4.16)
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Figure 4.15: Definition of the transition width d for a given x (left) and the qualitative density distri-
bution around a single layer boundary for different values of f including depictions of the corresponding
1%-transition width d'% (right). See text for details.

j*l

i.e. the density distribution for a single layer is near the layer boundary approximated by its value at
the boundary. Using these approximations, the density distribution p’(r) around the boundary can
be written as

i, (4.17)

The behaviour of this function is illustrated in Figure 4.15 (left). At the layer boundary r; its value
is given by (o; + p;,1)/2. For smaller and larger r, the function symmetrically approaches p; and
pj+1, respectively. It is therefore reasonable to define a transition width as the range within which
the density deviates more than a given factor x < 0.5 times the density difference Ap=p;—p ;.1 from
pj for r < r; and from p,, for r > r;. This is depicted in the figure by two values of r denoted as r*

and /. Thus,

. A
Oy = —F

p/(r —r<x>—r- +pj+] = p] - )CAp, (418)
exp(’w—j’)+1
‘oo (x A
HGOE Tﬁ_ﬂoﬁl =pj+1 + xAp. (4.19)
exp( * ") +1

The transition width for a given x is then defined as d%” := {” - 1. Solving Egs. (4.18) and (4.19)

for ¥ and ', respectively, yields

- X

1 -
O ri—w; ln( x) , (4.20)

1 -
- r,~+wjln( x). (4.21)
’ X
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Figure 4.16: Smoothed density profiles for different neutrino zenith angles for f = 25%, i.e. the 1%-
transition width is for each boundary equal to a quarter of the thickness of the thinner adjacent layer.
Compare also Figure 4.3 (p. 49).

Thus, the transition width as a function of w; is given by

1 -
&9 = 2w, m( - x). (4.22)

Going back to an arbitrary boundary given by i, it is for example:
d" =9.19w;, d"% =439w;, dP =27Tw;, 4P =081w,. (4.23)

Thus taking for instance w; = 10 km, the central 98% of the density change from one layer to another
happens within 91.9 km, the central 80% within 43.9 km etc.

To investigate the impact of different transition widths on the oscillation probabilities, the 1%-
transition-width dfl%) is chosen to be a given fraction f of the thinner adjacent layer:

(4.24)

(1%) _ fe@ripi—r) for ri—ri<ri—ri,
l fe(ri—ricy) for rig—ri>ri—ri.

Seven different values for f are considered defined from 1% to 50% on a logarithmic scale to
cover a wide range while at the same time having a higher density of points near the more realistic
cases of very small transition widths'. Figure 4.15 (right) illustrates qualitatively the transition at a

3Considering that the density jumps between inner and outer core and between outer core and lower mantle are
expected to happen within a few kilometres[77], even the smallest transition width fraction of 1% overestimates this
considerably.



4.4. Uncertainties in the Earth model 71

S i T
q) —
O, B
" 0.2 '>T
10 __ ()
i =5
F ' —01 A
r -
- 3 o
|
i 0.1
0.2
1 |
-1 0.5 0

cos 06

Figure 4.17: The local effective differences as defined in Eq. (4.2) over the E —cos 8 —plane originating
from a smoothing of the core-mantle transition in the case of v, — v., IH. Only neutrinos whose paths go
along the transition zone are affected. Oscillation probabilities for neutrinos that just pass the transition
zone (cos 8z —1) receive hardly any change.

single layer for different values of f. The corresponding 1%-transition widths are also indicated. In
Figure 4.16 the density profiles for different zenith angles are illustrated for the case of f =25% for
all transitions.

Figure 4.17 shows the differences (LED) that occur when changing the 1%-transition-width
between the outer core and the lower mantle from 1% to 50% of the outer-core thickness for
v. — ¥, IH. It can be seen that neutrinos that move along this transition zone are mostly af-
fected (cos 6 ~ -0.84) with differences up to nearly 30%. Neutrinos that move through the inner core
(cos 8<-0.98) receive a change of at most 1%. The reason is that along the transition zone a rela-
tively long part of the corresponding profile is changed as compared to paths perpendicular to the
transition zone.

In the oscillograms, the smoothing of the transition removes the respective kink. This is il-
lustrated in Figure 4.18, which shows the oscillation probability as a function of cosine of zenith
angle at 7.2GeV for different levels of core-mantle-transition smoothing. It is also noticeable that
1%-transition-widths up to around 160km (f =7% of the outer core thickness) produce negligible
changes compared to a sudden density jump. Recall that the core-mantle-transition according to
the PREM is expected to happen within a few kilometres [77].

Smoothing the transitions between the other layers has the same qualitative effect for the cases
where matter resonances play a role (neutrinos with NH, antineutrinos with IH). Quantitatively, the
impacts of smoothing are negligible due to the respective layers being very thin. This is summarised
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Figure 4.18: The oscillation probability P(v, — v., NH) as a function zenith angle at E =7.2 GeV for
different mantle-core transition widths given via f (see Eq. (4.24)). The kink at cos 6 =-0.84 due to the
density jump vanishes if the transition is smoothed. Oscillation probabilities for neutrinos going through
the Earth’s core receive no noticeable change.

in Table 4.9 and 4.10, which list the differences defined in Section 4.2 up to the transition between
the first and second transition zone.

In the cases where no matter resonances occur, smoothing the transition between layers has no
noteworthy effect, not even for the most extreme change, with local effective differences well below
1%.

To sum up, possible uncertainties in the density transitions are completely negligible for ORCA
determining the neutrino mass hierarchy, and anything different from sudden density jumps will be
very hard to detect.
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Earthlayer | E[GeV]|cos6 | MLED | MGED | AGED
Pv, > v.,NH) | P(v, = v;,NH)
Inner core 4.5 -0.98 1.40% 2.84-10%% | 1.13-10%%
P&, = v,,IH) P&, = v,,IH)
Quter core 6.3 -0.83 29.6% 0.144% 0.0346%
PV, = Ve, IH) | P(ve — v, NH)
Lower mantle 4.7 -0.44 0.225% 1.56-10°% | 8.50-10%%
Py, - v.,IH) | P(v. = v;,NH)
Transition zone 1 4.6 -0.43 0.00540% 1.53-10%% | 6.24-10%%

Table 4.9: Same as Table 4.3 (p. 54) for smoothing the transition between the given and the next layer.

For comparison, see Table 4.10.

Earthlayer | E[GeV]| cos6 | MLAD | MGAD | AGAD
Pv, > v.,NH) | P(v, — v.,,NH)
Inner core 4.5 -0.98 1.40% 0.00342% 0.00114%
P&, = v,,IH) P&, = v,,IH)
Outer core 6.3 -0.83 29.6% 0.380% 0.120%
P&, = v,,IH) P&, = v,,IH)
Lower mantle 47 -0.44 0.225% 6.91-10%% | 2.38-10%%
Py, - v.,IH) | P(v, = v.,NH)
Transition zone 1 4.6 -0.43 0.00540% 1.17-10%% 4.42-10°%

Table 4.10: Same as Table 4.4 (p. 54) for smoothing the transition between the given and the next layer.

For comparison, see Table 4.9.
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4.5 Summary

The effects of uncertainties and variations in the neutrino oscillation parameters and in the model
describing the Earth density have been investigated. The focus was on how the ability of ORCA
to measure the neutrino mass hierarchy might be affected. The results, summarised below, were
valuable input of initial feasibility and sensitivity studies of the ORCA experiment (see the KM3NeT
Letter of Intent[7]) as uncertainties in two of the oscillation parameters as well as in the Earth model
could be neglected.

Regarding the oscillation parameters, the uncertainties of the mixing angle 8;, and the small
mass squared difference Amgl will not lead to any deterioration of the sensitivity to the neutrino
mass hierarchy. On the other hand, the characteristic oscillatory pattern depends crucially on the
values of the other two mixing angles 6y3 and 6,5. The incorporation of their uncertainties into
a detailed study therefore reduces the sensitivity to the neutrino mass hierarchy as compared to
assuming fixed values (see KM3NeT Letter of Intent[7] where this has been done). The same
is true for the CP phase ¢, the impact of its uncertainty being comparable to that of 6,3 and 6,3.
Considering a measurement of 6,3, it has also been pointed out that the sensitivity to 6,3 is expected
to increase with the ability to distinguish electron from tau neutrinos'4.

A variation of the large mass squared difference Am_%1 within its 3 o~ range has the largest effect
on the oscillation probabilities. Such a variation leads to an energy shift of the complete oscillatory
pattern. Therefore, the uncertainty in Am§1 is equivalent to a systematic uncertainty in the energy
resolution. On the other hand, by exploiting oscillation maxima and minima above 10 GeV it might
be possible to reduce this uncertainty.

Earth model parameters have been changed on a per-layer basis. Considered parameters were
the density, the position of the layer boundaries and the steepness of the density jumps at the
layer boundaries. As sophisticated error estimations for such parameters are scarce, the variations
have been done within an arbitrary range to get an impression of their effect on the oscillation
probabilities. The lower mantle and outer core being the largest layers, changes in the parameters
describing these two layers have the largest effect. In general, significant changes only appear for
variations larger than known uncertainties [77].

The electron number density plays the most important role. Variations of more than about
5% begin to have a significant effect. It should be noted here that some authors (e.g. [79,80])
approximate the electron fraction in the Earth’s core by Y, = 0.5 as opposed to Y, =0.466 used here.
This corresponds to a deviation of roughly 7% that should not be neglected.

Among layer boundary shifts, shifting the core-mantle border has the largest effect. The larger
the shift the larger the zenith angle range affected by the shift. This is mainly due to the fact that the
neutrino path length through the core, which is important for the resonant matter effects, receives
a respective alteration. A shift of more than about 50 km, a value much larger than given through
expected uncertainties [56], produces significant changes.

A smoothing of the density transition produces changes that are negligible even for a very ex-
treme smoothing. The smoothing only affects a very small zenith angle range, namely those zenith
angles that describe neutrinos moving along the transition. This result also shows that for the cal-
culation of oscillation probabilities, an approximation of the Earth interior with a given number (> 40)

'4Distinguishing electron from tau neutrinos in the ORCA energy regime is not an easy task and will only be possible
on a statistical basis as their event topologies are very similar most of the time (see Section 2.4).



4.5. Summary 75

of layers with constant density is appropriate; this is implemented in a procedure established in the
last years to speed up the calculation of oscillation probabilities (see e.g. [7]).

It has been mentioned that the performed studies were done to get a qualitative output on how
sensitivities are affected. To be able to give sophisticated, quantitative statements, detailed studies
need to be performed including detector simulations and statistical sensitivity analyses. In addition,
considering a comprehensive incorporation of all possible effects, the oscillation probabilities need
to be known in the entire six-dimensional parameter space formed by the six neutrino oscillation
parameters. The parameter space gets even larger when also Earth parameter uncertainties shall
be included. The following chapter is about an approach to calculate these oscillation probabilities
with a dedicated interpolation method.






Chapter 5

Interpolation of oscillation probabilities

For a comprehensive analysis of the sensitivity of ORCA to the neutrino mass hierarchy and the
oscillation parameters and to fully evaluate the influence of the uncertainties of the oscillation pa-
rameters, the oscillation probabilities need to be known in the full eight-dimensional'® parameter
space to a good precision. The parameter space gets even larger if Earth model uncertainties shall
also be considered.

The numerical solution to derive the neutrino oscillation probabilities is a bottle neck regarding
the time consumption for ORCA sensitivity studies (see e.g. [7]). This chapter presents an attempt to
overcome this bottle neck by interpolating oscillation probabilities in the full 3 o~ oscillation parameter
space based on the oscillograms defined in Section 4.1.

For this purpose, a sophisticated interpolation method was developed to meet the high precision
requirements without having to produce unnecessary data. This method is described in Section 5.1,
its exemplary application in Section 5.2.

The application lead to an estimate of how many oscillograms need to be calculated to be able to
interpolate the oscillation probabilities with a precision of at most 0.1% in the full parameter space.
The derivation of this estimate and the results are described in Section 5.3.

Section 5.4 highlights possibilities to improve this estimate and the developed methods, and
Section 5.5 gives a summary of this chapter.

5.1 Interpolation method

The aim is to find the value of a function of arbitrary dimension at an arbitrary point in the multi-
dimensional parameter space. About the function, only the values at certain parameter values (data
points) are known. In order to find the unknown values the function needs to be approximated by
interpolating from the given data points.

Here, the underlying principle of the interpolation method is a d-dimensional Taylor expansion
of K-th order around each given data point via the I nearest data points, with d,K,I € IN. The
data points are used to approximate the unknown derivatives. The final interpolation between two
given data points is then done by taking a weighted mean of the respective Taylor expansions. As
no appropriate mathematical descriptions have been found after an extensive literature search, the
corresponding formulae have been derived from scratch as shown in the following.

5The eight dimensions comprise the six oscillation parameters and energy and zenith angle.

77
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Derivation of the interpolation formulae

For the derivation of the interpolation formulae, the unknown function to be approximated is written
as fj, := f(x + h) with x, h € R¢. The Taylor expansion in multi-index notation for n is then given as

hn
Jn= Z —,f(n) + Ry+1 (5.1)
n<N n:
with the remainder Ry,
hl’l .
Rya= >, —fy) =0 (5.2)
n=N+1 "
and the abbreviations
an
o= 6—{:(x) (5.3)
X
o f
) ._
0= e th) (5.4)
omMhy = Y ot (5.5)
|n|l=N+1

with ¢ € [0, 1] and N € IN as the order of the Taylor expansion'®. Multi-index notation for n includes
the following definitions (see also [81]):

|n| :=ny + -+ + ny, nl=n!l---ng!, X=agt e X

anf 6}11 and
()C) = T Ay
ox" ox, ox,

Now looking at Eq. (5.1), the goal is to approximate the derivatives f™ from the data points given
as (h;, fy,) in the vicinity of f,—. In order to accomplish that, a linear combination of the f,, with
coefficients g; is introduced in the following way, where the f;, are written as their Taylor expansions:

I ! n
Z aif, = Z a; [Z il—i!f(”) + O(h?m)]

i=1 i=1 n<N

1 f(n> 1
- 53y + Goui =
’ i=1

n<N \ j=1

This expression is solved in the following for a certain derivative £ (m in multi-index notation) that
is to be calculated. For this purpose the sum over n is split to get:

1 1 o 1 f(m) 1 f(n) 1 Vol
D = Yas Y e 3 (Y| Sre Yown e
i=1 i=1 i=1 n<N \i=1 i=1
O#n#m

6As a reminder, for two functions f and g, f = O(g) means that f does not grow faster than g, with the Landau
symbol O.
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Solving for ™ yields:

! I 1 (n) 1
oo S 3 (S ) Sowen. e
it @il |4 n<N \i=1 n: i=1

0#n#m

where it has been used that f©) = £, and for the remainder it holds

1

-ZI:O(h?’“ Z O(hN*1=m). (5.9)

1
Zaihm i=1 i=
=1

In this expression the exact values of the derivatives on the right side are still unknown. Thus, for
the ™ to be well approximated, the sum right in front of the unknown derivatives needs to be zero
so that they can be ignored. This provides a proper condition for the a;:

1

Dah=0,  forn<N,0#n#m (5.10)
i=1
This leads to a homogeneous system of linear equations with the vectora = (..., a;,...) € R/ and
the matrix H,, € R®" (with the number of rows R) containing the rows (h%, ... ,h}) forn < N,0 #
n+ m:
H,a=0. (5.11)

An analytical solution for a in one dimension is derived below. The job is done once solutions a,,
have been found for a for all m < N. The approximative formula for the derivatives then reads

1

o —'Z i i = 1) (5.12)

m
i=1 mzh

and the corresponding polynomial approximating the function f;;:

forfot Z Sy ani (i — fo)hn' (5.13)

n
= Zicand

Note that here, the sum over n can be stopped at any value K smaller than N which therefore de-
termines the degree of the approximative polynomial. The choice of N is important for the matrix
equation (Eq. (5.11)) and determines the order up to which the unknown derivatives are negligible
(see text before Eq. (5.10)). Therefore, the choice of N is crucial for the precision of the approxima-
tion formula.

In order to get a minimum for the number of data points (beyond the expansion point) needed
to approximate up to the order given by N, the linear system of equations (Eq. (5.11)) has to be
considered. To make it non-trivially solvable, a necessary requirement is for the number of rows R
to be smaller than the number of columns given by the number of data points I: R < I. The number
of rows R in the matrix is given as'’

R= (d ;N) -2 (5.14)

"Recall that multi-index notation is used in n. Therefore, the number of rows can be calculated by considering a
“drawing with replacement” urn problem (without distinguishing the draw order). It is equivalent to the sum of the first N
elements in the (d — 1)-th diagonal of Pascal’s triangle minus one (because the row with n=m is missing in H,,).
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This therefore gives the minimum number of data points Inin = R+ 1 needed as a function of N and d.

The approximation formula (Eq. (5.13)) incorporates several inconveniences: for high d and N,
the solution of the matrix equations and the formula itself contains a huge number of computation
steps that make it impractical. Another aspect concerns the choice of data points. For some choices,
the matrix might not be solvable or the remainders (Eq. (5.9)) can assume large values'®. Addition-
ally, numerical instabilities have been encountered trying to solve the linear systems of equations
(Eq. (5.11)) for d > 1.

For these reasons, it was decided to work in one dimension. For this case, a handy analytical
expression could be found for the a,, as shown in the following.

Solution to Equation 5.11 in one dimension

Recall that I + 1 is the number of given or chosen data points to use for the Taylor expansion and N
determines the precision of the approximation and is limited by the number of chosen data points.
In the case I =1, only the first derivative is to be approximated and Eq. (5.12) gives the standard
approximation £V ~ (f;,, — fo)/hi1. Therefore, in the following 7> 1 is assumed.

In one dimension, the matrix equation H,,a = 0 takes the following form

h! noo K h!

'1 .2 l'—l 'I a 0

—t ot || @] [0

A e R 5.15)
h:{ﬁl hl2n+1 h71_+11 hlln+1 . -l )

. a1

: : a

W Ry, Ry

Within a column of the matrix the exponent increases by one up to N from top to bottom, and
the exponent m is missing. The matrix has N -1 rows and I columns (see also Eq. (5.14)). For
mutually distinct #;, its rank is given by min{N — 1, I}. So choosing N =1> 1, the system has a non-
trivial solution and one value of the a; can be chosen freely. Furthermore, this gives the maximum
precision achievable with I + 1 data points. Thus, from now on N =1 unless stated otherwise so that
the matrix has one more column than rows.

Putting the terms corresponding to a; (i.e. a; times the first column of H,,) on the right side of
the equation, the system of equations can be written in the following form:

hé h11—1 h} hy

: : : az :

A e A _ ! (5.16)
hm+1 hm+1 hm+l 1 hm+] ’ )

2 e My ar-1 1

: : : ar :

O A B

so that the matrix on the left is a square matrix. Given that its determinant is non-zero, Cramer’s
rule [82] can be applied. For this purpose, the square matrix which one gets from H,, by removing

8 An appropriate choice of data points in multiple dimensions will not be discussed here.
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column i is denoted as H,,;. Then, the solutions a,,; to the g; for i > 1 can be written for all m as a
function of a; according to Cramer’s rule as

(-=1)idetH,,;
= g2 Ctmi 5.17
md = O et Hy (5.17)

where a; can be chosen freely. Again, this solution is only valid if det H,,; #0. Then, choosing
a); =—det H,, for all m gives

Am,i = (- 1)1 det Hiyi. (5.18)

So the remaining task is to determine the determinants. Calculating these with standard algorithms
is computationally very intensive. A relatively simple analytical expression has been found for the
determinants'® that allows a faster calculation:

1

I-m
detHpi=[ [0y [] u-no > [t (5.19)

j=1 I<k<i<I 1<pi<..<pr-m<I g=1
J#i k#i#l peFiVgq

It follows that for the determinants to be non-zero, it is sufficient that all data points differ from one
another (and from the expansion point), i.e. h;# hy for all j#k and h;#0 for all j where 1< j,k<I.
The expression will be proven in the following.

Proof of Equation 5.19

The proof is performed via induction over the number of rows/columns given by 1. It is sufficient to
show the special case of i =1 which corresponds to the case where the column with %; is missing
from the matrix. Then defining J :=1-1 and denoting H,,(J) as the matrix with J columns (and rows),
the induction is performed over J and it remains to show

hy h
hn:l—l hm’—] J J+1-m
— 1 T J
detHy() =] ., et | = [ 1w [] o-m )] ] 7. (5.20)
1 e J j=1 1<k<I<J 1<p1<..<pjs1-m<J g=1
i iy

which is therefore the induction hypothesis. The determinants for all H,,; follow from this as a mere
renaming of the components of 4.

®Actually, a similar approach for the a,,; can be used for any number of dimensions d to arrive at Eq. (5.18). However,
no simple expression for the determinants has been found for d > 1.
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Starting with the base cases J =1 (N =2) and for illustration purposes J =2 (N =3), one gets

1

1
det iy () =| | =ni=[n [ | (u=h0 > |05 (5.21)

j=1  1<k<i<1 1<pi<1 g=1
1 0
det Hy(1) =y |=hy = |1y [ =1 > [ | 1o, (5.22)
j=1  1<k<i<l 1<1 g¢=1
" h? 2 2
det H,(2) = h; h§ =it -hy = |h [| = > [t (5.23)
1 2 Jj=1 1<k<I<2 1<p1<p2<2 g=1
det o) =| 5 5| =hiho(h -1} = ]_[h, ]_[ (h — hy) Z ]_[h,,q, (5.24)
hy j=1 1<k<i<2 1<p1<2 ¢=1
h h 2 0
detHs) =| , | =hiho(hy—hy) = ]_[ hj ]_[ (h = hy) Z ]_[ By, (5.25)
hy j=1 1<k<i<2 12 ¢=1

with the sum over the empty product defined as unity (last term in Egs. (5.22) and (5.25)).

Now, the inductive step starts with subtracting 4., times the row above for each row but the

m-th, and for the m-th row subtracting 42, , times the row above:

hl hJ hj+1 hl /’l] ]’l]+1
hy o B B | O —hy) .. Ry —hy) O
R R R R~ hya) o WPy = hy) O
deth(‘]+1)= hm+1 hm+1 hm+1 = hm—l h2 h2 hm—l(h2_h2 ) 0 (526)
A A I S A B
Ry R ORE Ry = hye) . WYy = hyey) O
WY R RN Y = hy) . By —hp) 0
h hy
; H=2 H=2
= D hya [ O = hpcd) |0y + By oo BNy + ) |- (5.27)
j=1 hm+1 hm+1
1 m
B hY

In the last step, standard rules for determinants have been used. The last expression is equivalent
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to the sum of two determinants and it follows:

hy hy hy hy
J AN A
det Ho(J + 1) =hyer [ [ =mp| Lm0 |+ b [t ! (5.28)
J=1 Pt ! Pt
Y Y Wooh
J
=hyer | [Crrer = ) (det Hyy(J) + hysy det Hy(J)). (5.29)

J=1

Using the induction hypothesis one arrives at:

J+1 J+1-m+1 J+1-m
detHu(J+ ) =[ [0, || Gu=mo > [T e + o D] [] 7,
J=1 I<k<I<J+1 1<pi<..<pjii-mr1<d g=1 1<p1<..<pji1-m<J g=1
J+1 J+2-m
=[ 1w [] ®w-mo > [] 7. (5.30)
j=1 1<k<I<J+1 1<p1<...<pjpo-m<J+1 g=1

as it was to be shown.

Summary and usage

To summarise, the following formulae are used to approximate the function f around a given data
point at (xo, fo = f(xo)) in one dimension (xy, & € R):

K 1
Z[—l api (fl - fO)
flxo+h) = fo+ — h", (5.31)
nZ:]: Z{:l an,ih;1
1 I-n
ai =0 ] [ =m0 D0 [k (5.32)
Jj=1 I<k<I<I 1<p1<..<prp<l g=1
J# k#i#l Pativg

where K gives the degree of the used polynomial and is limited by I: K<I. The I nearest data
points around xq are used given by (xg + h;, f; = f(xo + hy)).

Up until now, only the formulae to approximate the function around a single(!) given data point
have been derived. To interpolate between two different data points, a linearly weighted mean of the
two interpolations around these data points is used. For this purpose, the function that approximates
f(x)= f(x, + h) according to Eq. (5.31) around a given data point (x,,, f(x,,)) shall be called g,,(x).
Given M data points in total and assuming x,, < x,,.1 Yme{l,..., M -1}, the interpolation formula
P(x), xp, < x < x,,41, between the two points given by m and m + 1 reads:

1
Py(x) = P [8m(X) - (a1 = X) + a1 (%) - (x = X)) (5.33)

m+1l = Am

anditis Pm(xm)=gm(xm)=Pm—l(xm) and Pm(xm+l)=gm-¢—l(xm+l)=Pm+l(xm+l)v’nE [19 M- 1]
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5.2 Application

In the interpolation algorithm the number I of data points used for the interpolation (besides the
expansion point) and the order K of the Taylor expansion can essentially be chosen freely. This
section discusses the precision of the interpolation method as a function of I and K, and takes the
neutrino oscillation probability as a function of cos 8 as an example. The desired precision (see also
next section) is 0.1%.

Figures 5.1 and 5.2 show such examples and demonstrate effectiveness and applicability of the
derived method. The interpolation is done with respect to cos 6, in the range -1 <cos 6 <-0.2, for the
oscillation probability P(v, — v,,NH) at E=1.23 GeV which includes many oscillations. A number
of 50 data points distributed equidistantly over cos @ are used for the interpolation. The precision
is checked in the middle between two points by computing the difference between the oscillation
probability, calculated by solving the equation of motion, and the interpolation result at that point.

Figure 5.1 shows how the precision changes when increasing / and K with the condition /=K.
With I = K =4, a precision better than 1% is achieved over most part of the considered zenith angle
range. Only for some angles corresponding to neutrinos passing the Earth’s core the differences
exceed 1%. Increasing I and K to six improves the precision to better than 0.5% with the exception
of two data points. The first one near the edge of cos 8 ~ -1 where the precision is expected to suffer
from the asymmetrically distributed data points used for the interpolation. The second one is near a
zenith angle corresponding to the mantle-core transition (see Table 4.1, p. 46) where the precision
suffers from the kink in the oscillation probabilities which is not visible at these energies with the
naked eye. The precision reaches values better than the desired value of 0.1% over many parts of
the zenith angle range when increasing I and K further to 8. Relatively large deviations remain near
the mantle-core transition indicating that more data points are needed there.

Figure 5.2 shows how the precision changes as a function of I for higher values of I up to 16.
Here, the degree of the interpolating polynomials are kept constant at K=8. Increasing I to 12
improves the precision to values better than 0.01% in most of the zenith angle space with cos 6> -
0.78. In two regions which correspond to the layer transitions in the upper mantle at cos #=-0.45
and cos 6=-0.35 (see also Table 4.1, p. 46), the precision has significantly worse values. At cos 6 < -
0.78, the precision gets worse in general (not visible in the figure) compared to the case of /=8.
The precision stays essentially the same near angles corresponding to Earth layer transitions when
I gets increased to 16. Near the edge of cos8=-1, the interpolation does not work properly any-
more. However, for -0.72 < cos 6 < -0.55 the precision gets even better?® than 0.001%.

Finally, it is important to know how fast the interpolation works. The generation of an oscillogram
with 895x1795 points via interpolating from an oscillogram with 150x300 points (between two points,
five points are interpolated for both dimensions) takes about 37 seconds for /=K =8. This yields
an average number of 42000 points interpolated per second. Given that the average number of
points calculated by solving the equation of motion is about 7.1 per second, a speed-up by a factor
of around 6000 is achieved. Taking I = K =6, and thus a reduced precision, increases the speed-up
to a factor of roughly 75000. This also shows how strongly the time needed for the interpolation
depends on the chosen numbers for / and K. For I and K > 12, the interpolation method becomes
impractical®!.

20Note that with such a good interpolation precision the overall precision is limited by the method of solving the neutrino
equation of motion (see also Section 4.1).
2Here, all reference computations were performed on a single “Intel Xeon X5650” CPU.
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Figure 5.1: Interpolation example of P(v, — v,, NH) with respect to cos 6 at E =1.23 GeV for the case of
1=K =4 (top), I =K =6 (middle) and I =K =8 (bottom). Data points used for the interpolation in general
are shown as black dots, data points that are to be interpolated as red dots, and the interpolation is
shown in green. For each case, also the differences between the data points and the interpolation are
shown. In the case of I =K =8, a precision of better than 0.1% is reached for most part of the zenith
angle space. See discussion in the text.
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Figure 5.2: Interpolation example of P(v, — v,, NH) with respect to cos 6 at E =1.23 GeV for K =8 and
1=8(top), I =12 (middle) and I = 16 (bottom). Data points used for the interpolation in general are shown
as black dots, data points that are to be interpolated as red dots, and the interpolation is shown in green.
For each case, also the differences between the data points and the interpolation are shown. In the case
of I = 16, a precision of better than 0.001% is reached for -0.72 < cos 6 < -0.55. See discussion in the text.
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Figure 5.3: lllustration of the data production method. As an example, the 3o range for the Am%l-axis
is shown with increasing order R of data production. See text for details.

5.3 Results

The interpolation method is used to get an estimate of how many oscillograms must be calculated
to interpolate oscillation probabilities up to a precision of 0.1% in the six-dimensional oscillation
parameter space defined by their 3 o ranges (see Table 4.2, p. 53). That is, the difference between
the interpolated oscillation probability and the one calculated by solving the equation of motion must
be smaller than 0.1% in the full parameter space. The order and the number of data points for the
interpolation are chosen to be K =4 and I =8, respectively.

As mentioned previously, the interpolation is only performed along one dimension. The multi-
dimensional interpolation is done by interpolating along one dimension at a time. First, within the
oscillograms (with respect to log E, then cos 6), and then between the oscillograms of different os-
cillation parameter values. The order there is 6,5, 013, 63, Amgl, Amgl, Ocp- Though the order might
influence the final result, no detailed studies on this topic have been performed.

Recall that an oscillogram as defined here gives the oscillation probabilities for one neutrino
to oscillate into another neutrino for a given neutrino mass hierarchy in the E—cos8—plane for
1<E/GeV<20 and -1<cosf#<0. Here, 100 data points distributed equidistantly along both the
logarithm of the energy and cosine of the zenith angle were chosen.

To get the estimate, data is produced only for P(v, — v,,NH), x € {e, u, 7}. For the production,
a grid is defined with a spacing as illustrated in Figure 5.3 for each parameter. As a starting point,
3=2"+1 uniformly distributed points for each parameter are used, two at the edges of the 3o
range and one in the middle. This means, at the beginning a number of 3% =729 oscillograms
are created. Then, it is checked if the 665 oscillograms corresponding to the middle points in the
six-dimensional space can well be interpolated by the 64 oscillograms at the edges. Thereafter, the
precision is checked by taking the maximum difference between an interpolated oscillogram and the
oscillogram that is supposed to be interpolated. If this difference exceeds 0.1% for the interpolation
along a given dimension, additional oscillograms are created for that dimension so that 5=22 + 1
equidistant points are covered. Now, it is checked if the oscillograms at the second and fourth point
are well interpolated. This is done up to 2% +1, R € IN points until the precision is good enough with
R as the the “production order”.

The final result is illustrated in Figure 5.4 and Table 5.1. It can be seen that for the unimpactful
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Figure 5.4: lllustration of the final result for the estimate of data points that need to be covered to
interpolate oscillation probabilities in the full six-dimensional 3o space with the interpolation method
developed in this chapter. Shown are the axis for the six oscillation parameters with dots indicating which
points need to be covered in the parameter space to achieve an estimated precision of better than 0.1%
in the full parameter space. See also Table 5.1.

Oscillation parameter | R N Precision | R N  Precision
sin 615 0 2 02% |1 3  0.005%"
sin 63 1 3 03% |2 5  0.004%"
sin? 63 1 3 04% | 2 5 0.003%"
Am?, 0 2 0.1% | 1 3 0.0008%"
Am?, 3 9 6% | 4 17  0.01%
Ocp 2 5 01% |3 9 0.0005%"
Number of oscillograms
Per channel 1620 34425
Total 12960 275400

Table 5.1: Number of oscillograms that need to be created to interpolate all oscillation probabilities in
the 3o range of the six oscillation parameters. The top table shows how many data points along each
dimension need to be covered to achieve the given precision in the interpolation along that dimension for
two cases. In the second case, the * 