
Presented by
Timo Neeser

22.10.2024

Erlangen Centre for Astroparticle Physics
Friedrich-Alexander-Universität Erlangen-Nürnberg

Supervisor/Betreuer: Prof. Dr. Stefan Funk

Laser Setup for the ET Phase Camera

Master‘s Thesis in Physics



Abstract
The Einstein Telescope (ET) group at ECAP works on building a phase camera that can use 1D
and 2D fiber pixel arrays to measure the geometric phase differences between two superimposed laser
beams consisting of a carrier signal plus symmetric frequency sidebands, and a reference signal for
heterodyne detection. The goal of this master’s thesis was to design and construct an optical setup for
the phase camera and a framework to allow for the comparison between phase data recorded with the
2D array and expectations according to theory. The finalized laser setup and its limitations and the
challenges in designing it will be discussed. The setup achieves the desired functionality and includes
an adjustable telescope section through which a broad bandwidth of different laser beam shapes can
be created for studying phase configurations. First measurements present a good correlation between
simulation and measurements for large laser beams and a poor correlation for small beams, as expected.
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1 Introduction
Astronomy and astrophysics have come a long way over the course of the last centuries. From the first
optical telescopes to the expansion of the detectable electromagnetic spectrum ranging from radio [1]
to ultra high energy gamma rays [2], to the detection of neutrinos and cosmic rays, our knowledge of
the universe has continuously expanded [3]. In 1916, Albert Einstein published his theory of general
relativity (GR) and set the stage for the eventual discovery of a fourth astrophysical messenger [4].
It would take almost 100 years until his theory on gravitational waves (GW) would be finally proven
correct. On September 14th, 2015 at 09:50:45 UTC, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) discovered the first identifiable gravitational wave signature in history through
the usage of two gigantic advanced Michelson interferometers located on opposite sides of the United
States of America. This was the event GW150914, created by a binary black hole merger [5]. The
basis provided by LIGO and other early ground-based GW observatories enabled the conception and
design of a next generation of much more sensitive GW observatories that are expected to resolve GW
signatures originating from distances so far away that their redshifted signals carry information on the
early universe. One of these next gen observatories is the so-called Einstein telescope (ET) [6]. Being
based on Michelson interferometers, a GW observatory exploits marginal phase shifts of laser beams
created by faint GW signals distorting space-time around them. However, their magnitude is so faint
that in order to detect them it requires interferometer arms with lengths of many km that basically
act as giant amplifiers of distortable space [4, 5]. This in turn also means that any otherwise negligible
noise sources like gravitational gradients created by seismic motion, or quantum noises created by
the laser light itself are present in raw signals and must be suppressed to an enormous degree, which
requires a precise control of the setup [4]. Therefore, GW observatories incorporate advanced control
systems that verify and allow precise settings for optimal resolution of signals [7]. The usage of phase
cameras that can demodulate the signal of multiple superimposed laser beams provides a powerful tool
for diagnostic purposes [8]. As such they are not only used to simply detect a single main signal, but
are also applied in all sorts of control sections. The development of phase cameras is thus of interest
for advancing the sensitivity of GW detection apparatuses [4, 6].
The purpose of this thesis is to assists in the development of a new proof of concept phase camera
that the ET group at ECAP is working on, by designing and constructing an optical setup that is
based on a control loop that is utilized in gravitational wave observatories, and providing detailed
characterization through calculations and phase simulations. It will reveal the correlation between
theory and measurements for multiple types of different laser beams and how their shapes affect the
effectiveness of the first working version of the phase camera in accurately reconstructing laser phase
profiles.
The thesis starts with Section 2 delving into the relevant physics regarding gravitational waves, details
on ET and the goal of the ET group at ECAP, followed by the extends of geometric optics theory
required for this work. Section 3 discusses the optical setup, and the challenges and limitations in
its design and construction. In Section 4 the graphical interface for conducting phase simulations
is introduces and in Section 5, measurements taken with the first version of the phase camera are
compared to simulations. The conclusion follows in Section 6.
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2 Background and theory

2.1 Gravitational waves

The detection of gravitational waves (GW) provides a useful addition to multimessenger astronomy
and a promising method for acquiring deeper knowledge about the early universe. Not only will the
combination of GW detections with electromagnetic, neutrino and cosmic ray observations yield a
more detailed picture of various energetic phenomena in general, it also allows for the explorations of
events with much higher redshifts than currently possible, and thus to obtain a look much farther back
in time. This will allow for the investigation of the properties and evolution of primordial objects,
and also provide the basis for the evaluation of cosmological parameters such as the Hubble constant,
or the the dark energy equation of state. The next generation GW observatories Einstein Telescope
(ET) and Cosmic Explorer (CE) are designed to detect binary neutron star (NS) merger events with
redshifts up to z ∼ 5 for ET, and z ∼ 10 for CE, which allows for a coverage of the entire epoch at
the peak of star formation at z ∼ 2. In comparison, current generation GW observatories are only
expected to be able to resolve events with redshifts up to z ∼ 0.2. Additionally to NS-NS mergers that
have a mass of a few M�, ET and CE are slated to be able to observe mergers of binaries with larger
masses, that are typical for mergers involving black holes (20 M� − 100 M�), at redshifts of z ∼ 20
and higher [9, 6].

2.1.1 Gravitational wave theory

Gravitational waves (GW) are a consequence of Einstein’s theory of general relativity (GR). Equation
1 provides a metric that describes the distance between two events in a curved, four dimensional
spacetime. The curvature of spacetime is described by a symmetric tensor gµν with index 0 for time,
and indices 1, 2, 3 for each dimension in space [4].

ds2 = gµνdx
µ (1)

GR postulates that the presence of mass bends the fabric of spacetime. The Einstein tensor Gµν
represents the relation between spacetime and matter:

Gµν = 8πG
c4 Tµν = Rµν −

1
2Rgµν , (2)

with gravitational constant G, vacuum speed of light c, Ricci tensor Rµν and Ricci scalar R, and
the stress energy tensor Tµν :

Tµν =
∂Γλµλ
∂xν

+
∂Γλµν
∂xλ

+ ΓβµλΓλνβ − ΓβµνΓλβλ (3)

with the Christoffel’s symbol Γλµν that describes the shortest curved distance between two points:

Γλµν = 1
2

[
∂gλβ
∂xν

+ ∂gµβ
∂xµ

− ∂gµν
∂xβ

]
. (4)

In the vacuum case, i.e. in the absence of mass, the stress energy tensor Tµν in Equation 3 and
Equation 2 reduces to 0. The same applies to the Ricci tensor Rµν . If there is a change in matter
distribution, then these tensors change which leads to a perturbation of gµν by the variation induced
spacetime metric hµν :

gµν = gµν + hµν . (5)

In the case of weak fields (hµν << 1), a tensor hµν describing the gravitational field can be
formulated:
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h�� = h�� �
1
2

� �� h�
� ; (6)

with a �at metric � �� . The gravitational wave equation can then be written as � h�� = 0 with the
D'Alembertian operator � . The simplest solution to this equation is given by(check the phrasing of
this again):

h�� = A �� eik � x �
; (7)

where A �� represents amplitude and polarization of the wave, andk� its direction and frequency.
In GW detection, this function is generally what is referred to as strain h(t) [4].

2.1.2 Types of gravitational waves

GW are broadly classi�ed into four di�erent types based on origin. Arguably the most important type
of GW and the only signals discovered so far are compact binary inspiral gravitational waves which
are created throughout the merger of two objects, most prominently binary neutron stars or black
holes. These types of GW increase in amplitude and frequency as both objects spiral closer to each
other, followed by a peak at collision, and a ring-down as illustrated in Figure 1 showing the signature
of the gravitational wave event GW150914 with a peak strain ofh � 10� 21 [4, 5].

Figure 1: Estimated gravitational-wave strain amplitude from GW150914 detected by LIGO projected
onto on of the detectors with illustration of stages of coalescence. Figure adapted from Fig 2. in [5].

The GW are quadrupol waves where the srain amplitudeh is proportional to the second derivative
of the quadrupol moment Q:

h /
•Q
r

=
�a 2! 2

r
; (8)

at a distance r with the reduced mass� = m1m2=(m1 + m2), orbital frequency ! of the system,
and elliptical semi-major axis a. The frequency of the GW is directly to the orbital frequency:
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f GW = !=� (9)

[4].
Another type of GW, continuous gravitational waves (CW), are assumed to be mainly produced

by fast spinning asymmetric neutron stars (NS). There also is a possibility of CW emission by po-
tential Dark matter candidades, boson stars, or so-called Thorne-_Z ytkow Objects. For NS, the GW
induced strain h / If 2

gw=r is proportional to the the moment of inertia I of the star, it's ellipticity
� , the frequency of the emitted GW f gw � f spin , and indirectly proportional to the star's radius r .
CW are estimated to be in the order of h � 10� 25 or less. So far, no CW signal has been observed.
It is proposed that ET could detect signals from near NS and/or NS with high spin frequency [6, 4, 10].

Burst gravitational waves are created in non-spherical core-collapse supernovas of stars. The bursts
happen in a very small time frame of a few ms with a strain magnitude ofh � 10� 17. These types
of GW have also not been observed so far. This could be because the diversity of the emission mech-
anisms makes it di�cult to distinguish the signal out of the noise. As such it is not guaranteed that
ET will be able to detect them. Another potential type of burst GW could be the result of magnetar
giant �ares or pulsar glitches. The theory on them is quite shaky however, due to a lack of a detailed
knowledge of these processes [6, 4, 11].

The �nal category of GW is occupied by stochastic gravitational waves. These denote weak, ran-
domly timed signals from the gravitational wave background (GWB) of the universe. Naturally, these
stochastic gravitational waves are devoid of any particular waveform or frequency pattern [4].

2.1.3 Gravitational wave detection

The relevant method to detect GWs is using an advanced Michelson interferometer. The �rst GW
event ever detected is GW150914, a spacetime ripple created by a binary black hole merger which
was captured by the ground-based GW observatory LIGO in 2015 [5]. LIGO uses a1064nm Nd:YAG
laser with a power ofP = 20 W and a modi�ed two-armed interferometer with orthorgonal arms with
lengths of 4km each. The presence of GW modi�es the arm lengthsL according to the following
relation:

� L (t) = �L x � �L y / h(t)L; (10)

where � L is the length change andh(t) the GW strain amplitude in time. As illustrated in
Figure 2, the initial laser light is split into two parts at the beamsplitter (BS) and subsequently feeds
into the two interferometer arms. Each arm is equipped with an optical cavity for signal ampli�cation.
Both beams are re�ected back onto the BS, where the di�erential length variation induced by GW
propagating through the setup alters the phase di�erence between the two light �elds. Hence after
reconnection, an optical signal proportional to the GW strain is transmitted to the photodetector.
The geometry of the detector design a�ects certain sensitivities that need to be evaluated against each
other. For example, two L-shaped detectors where the arms of the two detectors are parallel to each
other when taking earths rotation into account maximizes the sensitivity to stochastic backgrounds
but minimizes accuracy on angular localization and reconstruction of the distance of GW sources. If
the detectors are at a tilted by 45� to each other, then the setup is blind to stochastic backgrounds but
angular localization and distance reconstruction is maximized. Detector geometry is also dependent
on other factors [4, 5, 12, 13].
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Figure 2: Simpli�ed diagram of an Advanced LIGO detector (not to scale). The interferometer arms
are equipped with resonant optical cavities formed by two test mass mirrors each, that multiply the
e�ect of GWs by a factor of 300. LIGO uses two detectors, one at Hanford, WA (H1), and one at
Livingston, LA (L1). Figure adapted from Fig 3. in [5].

Given the low order of magnitude of the strain parameter h, GW observatories must be highly
resistant to noise. For reference, Figure 3 shows the proposed limitations in sensitivity to frequency
dependent strain noise and thus the resolvable redshift limits of the Advanced LIGO upgrade and the
future third generation GW observatories ET and Cosmic Explorer (CE) [14].

Figure 3: Left: Expected strain noise for monochromatic sources distributed isotropically in sky
location and inclination resolvable by aLIGO and the third gen GW observatories ET, and CE. Right:
Redshift limits for equal-mass, nonspinning binaries similarly distributed [14].

Considering that the di�erent GW signatures are located within di�ering frequency ranges, there
is a multitude of noise sources with their own frequency ranges to consider [4].

5



2.2 Einstein Telescope

The Einstein Telescope (ET) is a third generation GW observatory currently in planning. Main goal
of the ET is to observe GW signals emitted by events at distances corresponding to redshifts ofz � 20
or higher, especially of merger events of binary black holes and NS. This allows a look into the early
universe where the �rst stars, black holes and galaxies formed which could provide new insights into
the most pressing problems in fundamental physics and cosmology [6, 14]. Beside coalescing binary
systems, ET may also be able to detect types of GW signals that haven't been observed thus far, such
as GW from core collapse supernovae, isolated NS, and may even be able to provide a basis for future
studies of the stochastic GW background. As shown in Figure 3, the ET attempts to increase the
sensitivity by one order of magnitude compared to the current generation of GW observatories' limits.
It is currently planned to be a either a single observatory containing three detectors arranged in a
triangle shape as illustrated in Figure 4, or as two L-shaped observatories located in di�erent places.
It will located 200-300 meters underground in order to signi�cantly reduce seismic noise [6, 12].

Figure 4: General scheme of the Einstein telescope representing the geometry of the telescope. All
three detectors are color coded. The arm lengths are not �nal [15].

In case of triangular design, the ET will use three detectors. Their purpose is to provide redun-
dancy, resolve GW polarizations, and to provide a veto against disturbances in the form of a null
stream, where outputs are combined in a way that results in the GW signal canceling. Each of the
detectors will consist of two interferometers, one for high frequencies (HF) at high laser power (high
temperatures) and one for low frequencies (LF) at low laser power (low temperatures). The baseline
geometry uses arms with lengths of10km each, but 15km are also considered for higher sensitivity.
The angles between the arms are60� which eliminates any directional blind spots due to the polariza-
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tion of the GWs. In the case of two L-shaped detectors, lengths of either15km or 20km are considered
with an angle between the two detectors of either0� or 45� . The di�erent possible con�gurations have
a multitude of bene�ts and drawbacks between each other in regards to sensitivity towards all sorts
of parameters such as GW source, individual source parameters, directional sensitivity, signal-to-noise
ratio, etc. Overall, the 15km 2L option with arms at 45� and the triangle with 15km arms seem to
have very similar performances for the reconstruction of all parameters of compact binary coalescences,
except for luminosity distance, for which the L-shaped design is signi�cantly better. It also avoids a
problem that the triangle con�guration would have: correlated noise. Since all optical components
for a single location are relatively close to each other compared to two detectors with hundreds of
kilometers of distance between them, localized noises could spoil sensitivity. A boon of the triangular
design on the other hand is a null stream, where the GW signal cancels. This feature makes it possible
to detect and �lter out instrumental noise artefacts such as glitches and other systematic errors that
may otherwise appear as false positives [6],[12].

2.2.1 Noise sources

Raw strain signals are interlaced with many di�erent types of strain noise. In order to achieve the
desired sensitivity, ET needs to be able to signi�cantly limit the e�ects of di�erent types of noise
that distort or conceal GW signals. There are technical noises, such as laser frequency and intensity
instability induced noise, and acoustic and seismic noise. Other than that, interferometer sensitivity is
also a�ected by thermal, Newtonian, and quantum noise [14]. The noise levels of these di�erent noise
types on ET's high frequency (HF) and low frequency (LF) detectors that ET is slated to achieve are
shown in Figure 5. As short description of each noise type follows.

Figure 5: Strain noise budget for the ET HF detectors (left) and LF detectors (right). Figure adapted
from Fig. 1 and Fig. 2 [16].

Thermal noise describes signals produced by random displacements of the mirror surfaces in re-
sponse to thermally �uctuating stresses in the mirror coatings or substrates, and collisions of the
optical elements with particles around them that exhibit stochastic random motion. E�ects of ther-
mal noise can be avoided when operating optical elements cryogenic temperatures and mitigated to a
certain degree by working with large beam sizes [7, 17].

Newtonian noise comes from density �uctuations of the earth due to seismic waves, and from at-
mospheric density changes. These result in varying gravitational forces enacting on the interferometer
elements. This gravity gradient noise can only be reduced, by speci�cally choosing a detector location
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where the surrounding soil is as homogeneous as possible [7].

Seismic noise speci�cally denotes the e�ects of vibrations caused by seismic ground motion. Other than
choosing a location with minimal seismic vibrations, this type of noise can be mitigated by employing
a combination of active and passive vibration isolation techniques such as pendulum suspension, and
position and inertial sensors for actuator based active damping [7].

Quantum noise describes both random bu�eting of the suspended interferometer mirrors induced
by the quantum mechanical amplitude �uctuations of the light �eld (quantom radiation pressure noise
(QRPN)), and the quantum phase uncertainty in determining the phase di�erence between two light
�elds (shot noise (SN)). QRPN dominates at low frequencies from ca.10 to 50Hz, while SN is dom-
inant at frequencies above ca.200Hz. As such, both types of quantum noise scale in opposite ways
with light power. Quantum noise can hence best be mitigated by using two interferometers instead
of one, where one operates a high laser power and the other one at low power. QRPN can be addi-
tionally reduced by using heavy mirrors that provide high resistance against the radiation pressure.
An advanced �ltering technique using non-classical light can also be used to achieve further quantum
noise reduction [7].

Residual gas noise arises from the fact that even though the space between the interferometer mirrors
is vacuum, a perfect vacuum containing no particles at all cannot be created. The residual gas par-
ticles occupying the space cause �uctuations in the refractive index within the arms the observatory [7].

At this point it is not clear to what degree these noises can be suppressed until "fundamental limita-
tions" are reached. Hence it's important to eradticate technical noises as best as possible [7].

2.3 2D Phase camera

The goal of the ET group at ECAP is to build a phase camera in order to study the e�ect of certain
error sources. Speci�cally, this encompasses the e�ects of optical misalignments, errors in the planarity
of mirror planes, inhomogenities in the refractive indices of optical element coatings, and thermal
lensing, which is an optical e�ect where laser induced heat causes the refractive index of an optical
element to change, leading to a lensing e�ect [18]. In contrast to current phase cameras in existing
GW detectors, this camera is specially designed for the use at a wavelength of1550nm, and uses
individual multimode �bers as pixels in a pixel array [19]. There are di�erent designs in mind, the
version currently in development is a two dimensional camera with 64 pixels. The phase camera makes
use of heterodyne detection, which is a method where a primary light signal is superimposed with
another light signal which possesses a frequency shift relative to the primary one. The resulting beating
pattern of the combined signal can then be captured by a photodetector [20]. Herefore, as illustrated
in Figure 6, the initial laser beam is split into two parts. A frequency shift is imposed on one of the
two parts by a acousto-optic modulator (AOM). The AOM, in this case an acousto-optic frequency
shifter, creates a Doppler shift on the incoming light by imposing a sound wave on an internal optical
grating, causing oscillating mechanical strain in the material [21, 22]. This frequency shifted half of
the laser signal is provides the reference signal for heterodyne detection. The other part of the initial
beam, or test beam, is fed into an electro-optic modulator (EOM), which employs a sinusoidal electric
�eld to modify the refractive index of a nonlinear crystal [23], upon which a symmetric constellation of
frequency sidebands is created around the carrier frequency. This is done because the optical cavities
of GW observatories apply the Pound-Drever-Hall technique to acquire an error signal that can be used
to control the optimal length of the cavity. The signal superimposed with frequency shifted sidebands
can be demodulated to obtain a signal that is proportional to the deviation from resonance [7]. AOM
and EOM drive signals are synchronized by a GPS-synchronized oscillator to the same frequency to
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avoid arti�cial phase shifts. This also applies to the signal processing unit (see Section 3.3) following
the �ber array [19]. After the recombined laser signal is captured by individual photodiodes, the beat
frequency created by overlapping carrier and frequency sidebands of the test beam, and the frequency
of the reference beam, can then be demodulated and phase and amplitude of all beam parts obtained
[24].

Figure 6: Simpli�ed sketch of the optical setup for the phase camera. Initial laser light coming from
the left is split by beamsplitter (BS) into reference and test beam sections, recombined at second
BS, and then recorded with the phase camera. For a more detailed sketch see Figure 11. Illustration
created with components from [25].

2.4 Geometric optics

In order to study a the phase pro�le of a laser beam, especially for comparing phase measurements
to theory, it is crucial to understand how the beam progresses through the optical setup until it
reaches the �ber array. With geometric optics we can track the evolution of a laser beam's shape over
propagation distance and how optical elements in its path transform its parameters. This also enables
us to design an optical setup in regards to achieving desired beam pro�les through calculating optimal
positions for optical elements.

2.4.1 Gaussian beams

For calculations with laser beams we can use the Gaussian beam model. Arguably the most important
parameters to characterize a Gaussian beam are its radiusw(z) and radius of curvature R(z) on an
optical axis z which are described by

w(z) = w0

s

1 +
�

z
zR

� 2

; (11)

R(z) = z

 

1 +
�

zR

z

� 2
!

: (12)

While w(z) is the transversal radius of the laser spot,R(z) describes the longitudinal radius of
the curved wavefront of the light [26]. w0 is the radius at the location on the focus, or waist, and the
Rayleigh length zR describes the distance from the focus, at which the the beam translates from near-
to far �eld. The Rayleigh length is characterized as

zR =
�w 2

0n
�

; (13)

with refractive index n of the medium that the beam propagates through and wavelength� of the
light [26, 27, 28]. The electric �eld of a laser beam propagating along an optical axisz according to
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the Gaussian beam model can be expressed as

E(x; y; z; t ) = Uê	 mn (x; y; z)ei!t (14)

with transverse coordinates x and y, amplitude U, unit vector ê of polarization, and angular
frequency ! . The wave function 	 nm (x; y; z) governs the spacial evolution of the electric �eld. The
indices m and n denote the transverse mode numbers of Hermite-Gaussian modes. Taking only the
fundamental Gaussian mode withm = 0 and n = 0 into account we can express this wave function
	 00(x; y; z) as

	 00(x; y; z) =

r
2
�

1
w(z)

e� kr 2

2R ( z ) e� i � 00 (x;y;z ) ; (15)

with r =
p

x2 + y2 and the wave number k = !=c . The �rst exponential term in Equation 15
dictates the transversal, radial extinction of the electric �eld strength, while � j

00 denotes the phase of
the light and can be expanded to

� 00 = kz +
kr 2

2R(z)
� � 00(z); (16)

which includes a transversal, radially symmetric phase term, and two longitudinal phase terms.
kz increases linearly with distance, while the term� 00, or Gouy phase, is a marginal phase shift that
inverts at the focus:

� 00 = arctan
�

z
zR

�
(17)

[8].
For simulations comparing recorded data with theory, we want to both look at expected phase

pro�les of the test beam, that are described by Equation 16, but also its intensity pro�le which can
be de�ned as

I (r ; t) = E(r ; t)E � (r ; t) (18)

[29].
Working with real laser beams instead of perfect theoretical Gaussian beams means that we need

to take the quality factor M 2 into account. M 2 denotes how much the parameters of a real Gaussian
beam di�er from an ideal beam. Using the model for laser beams with constant beam waists, the
Rayleigh length modi�es to

zR =
�w 2

0n
M 2�

: (19)

A perfect Gaussian shape hasM 2 = 1 , in contrast to real laser beams with M 2 > 1. There is
multiple di�erent ways how a beam can di�er to an ideal shape depending on waist size and beam
divergence. For example, a beam could have an ideal focus, with divergence larger than forM 2 = 1 ,
or an ideal divergence but a larger focus forM 2 = 1 . In this work the latter option was determined
to be most accurate when comparing calculations to beam measurements [30].

2.4.2 2x2 Beam transfer matrix optics

The propagation of Gaussian beams with beam radiusw(z) (Equation 13) and radius of curvature
1=R(z) (Equation 12) on an optical axis z through an optical system can be traced with the usage of
a beam transfer matrix:
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"
q1(zin )

1

#

= k

"
A B
C D

# "
q2(zout )

1

#

: (20)

q1(zin ) is the so called complex beam parameter at the location of the beginning of the optical
system on the z-axis, while q2(zout ) describes the parameter at it's output position [27],[28]. For
some components like thin lenses, this position is the same (zin = zout ), while when working with
components like thick lenses, both locations need to be distinguished. The matrix elementsA, B ,
C, and D are dependent on the optical components, withk a scaling factor. For convenience, the
complex beam parameterq(z) is usually expressed in reciprocal form:

1
q(z)

=
1

R(z)
�

iM 2�
�nw 2(z)

=
1

z + izR
: (21)

It is generally useful to substitute z in Equation 12, Equation 13 and Equation 21 with z = z � z0

to separate a lab system from the beam system, otherwise the locationz = 0 is always de�ned as
the waist location. At latest by the step at Equation 25 and Equation 26 this is absolutely necessary,
otherwise the system of the transformed beam will be decoupled from the original beam. Equation 20
can be simpli�ed to

1
q2(zout )

=
C + D

q1 (zin )

A + B
q1 (zin )

(22)

to obtain the complex beam parameter of the modi�ed beam at the output position of the optical
system described by the 2x2 matrix. Combining Equations 21 and Equation 22, the output parame-
ters, which we will denote asw2 and R2, can be obtained through the separation of real and imaginary
parts:

w2(zout ) = �

vu
u
t

� M 2�

�n =
�

1
q2 (zout )

� ; (23)

R2(zout ) =
1

<
�

1
q2 (zout )

� : (24)

The � in front of Equation 23 represents that mathematically, the beam has a radius in both
directions with r = 0 on the z-axis. We now know the beam radius and radius of curvature of the new
modi�ed beam at the location zout . In order to construct new functions w2(z) and R2(z), we have
to determine the new waist sizew0;2 and the new waist position z0;2. Combining Equation 13 and
Equation 12 with Equation 23 and Equation 24 and using the substitution z = z � z0, we �nd:

w0;2 = � w2(zout )

vu
u
t

1

w4
2(zout )

�
�n

M 2 �R 2 (zout )

� 2
+ 1

; (25)

z0;2 = zout �
�w 2

0;2n

M 2�

s
w2(zout )

w2
0;2

� 1: (26)

In Equation 26, the � represents that at zout , the beam can either be re�ected back (-), like in
the case of a mirror, or propagated through (+), in the case of a converging lens for example. In
contrast, a diverging lens re�ects the focus, thus (-) has to be used. The sign that needs to be chosen
is therefore dependent on the optical components in use. If we let the beam propagate in the minus
direction on the optical axis z, the minus in Equation 26 also has to be chosen.
The new w0;2, and z0;2 can then be inserted into Equations 13 and 12 to �nally obtain functions for
the modi�ed beam after the optical system [27, 28].
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2.4.3 3x3 Beam transfer matrix optics

2x2 beam transfer matrix optics only works together with the paraxial wave approximation. So in
order to take possible misalignments into account a di�erent approach is more useful. A method
proposed by A. A. Tovar and L. W. Casperson is to use a 3x3 matrix approach, whereAx , Bx , Cx ,
and Dx are the usual matrix elements of an aligned optical component, and the additional elements
Gx and Hx allow the inclusion of angular tilts and linear o�sets from the z-axis. The full operation
then looks like this:

2

6
4

ux2
1

qx 2
ux2

Sx2ux2

3

7
5 =

2

6
4

Ax Bx 0
Cx Dx 0
Gx Hx 1

3

7
5

2

6
4

ux1
1

qx 1
ux1

Sx1ux1

3

7
5 (27)

[27],[28].
The terms ux are similar to the scaling factork in Equation 20 for the 2x2 case, and are not relevant

for further calculations. Alongside the complex beam parameterq(z), this model introduces another
complex factor to describe the propagation of the laser beam, the complex displacement parameter
S(z), which is de�ned as

S(z) = �
�

�
d(z)
q(z)

+ m
�

; (28)

with � = 2 �n= (M 2� ) and the displacement function d(z) = z cos� + d0 that describes the o�set
orthogonal to the optical axis z, which is we de�ne as a linear function with the o�set d0 at the
position of the focus, and� the angle betweenz and the beam's actual axisz0. m = dd(z)

dz = tan � is
then the beam's slope. In this model,q transforms similarly to how it's transformed in the 2x2 case
(Equation 22). The transformed displacement parameterS is obtained by:

S2(zout ) =
S1(zin ) + G + H

q1 (zin )

A + B
q1 (zin )

: (29)

Using a similar algebraic approach to howw2(zout ) and R2(zout ) are calculated, we can obtain
d2(zout ) and m2 as follows:

d2(zout ) =
= (S2(zout ))

� =
�

1
q2 (zout )

� ; (30)

m2 =
1
�

0

@< (S2(zout )) � = (S2(zout )) �
<

�
1

q2 (zout )

�

:
=

�
1

q2(zout )

�
1

A (31)

Equation 23 and Equation 25 for obtaining beam radii w2 and w02, Equation 24 for radius of
curvature R2 at the output position, as well as Equation 26 for obtaining the waist location on z are
the same in the 3x3 case. However, Equation 26 has to be modi�ed slightly to take into account that
the optical axis of the beamz0 is on a slope relative toz:

z0;2 = zout �
�w 2

0;2n

M 2�

s
w2(zout )

w2
0;2

� 1 � cos� 2: (32)

Together with the location z0;2 of the new waist (Equation 26), the displacement at this new waist
can be obtained via

d0;2 = d2(zout ) � m2(zout � z0;2) (33)

[27],[28].
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2.4.4 Speci�c beam transfer matrices

We use three di�erent transfer types in the following calculations, thin lens, thick lens and beamsplitter.
The ABCDGH matrix for a (lossless) thin lens is given by

M thin lens =

2

6
4

1 0 0
� f � 1 cos� 1 0

� � air x0f � 1 cos� 0 1

3

7
5 ; (34)

where f is the focal length, � the tilt, and x0 an o�set of the lens on an axis x perpendicular to
z. The thin lens model assumes a thickness oft = 0 , which neglects the fact that the beam is also
a�ected by traveling through a medium with n 6= nair inside the lens. Thus calculating with thin
lenses introduces a margin of error especially regarding positions onz that ampli�es with increasing
thickness of the actual lens [27, 28]. As such it is useful to use the thick lens approach. To obtain a
transfer matrix for a thick lens, we combine two matrices describing spherical boundaries with one for
a homogeneous medium:

M thick lens = Tspherical boundary Thomogeneous mediumTspherical boundary

=

2

6
4

1 0 0
(1 � k02

k01
)R� 1

right cos� k02
k01

0
(k02 � k01)(tan � + x0R� 1

right cos� ) 0 1

3

7
5

2

6
4

1 t 0
0 1 0
0 Hhm 1

3

7
5

2

6
4

1 0 0
(1 � k01

k02
)R� 1

left cos� k01
k02

0
(k01 � k02)(tan � + x0R� 1

left cos� ) 0 1

3

7
5

(35)

with Hhm = t tan � � L sin � = L sin � (1=cos� � 1). Rleft and Rright are the radii of curvature of the
thick lens on both sides. The termsk0i with i = 1 ; 2 describe the 0th-order terms of a Taylor series ex-
panded squared complex propagation constantk2(x; y; z) in the transverse directions, wherek2 = �� 0

with material permeability � and complex permittivity � 0. Assuming both mediums air and lens to
be lossless, we can usek0 = � . The terms k01=k02 then simplify to n1=n2. t describes the thickness of
the homogeneous medium, whileL describes the center length of the optical element. They are hence
the same: t = L [27],[28]. Since the thickness of the optical element changes by tilting it, we need to
replace t in the center matrix in Equation 35 with a modulated thickness tmod = ( zout � zin )=cos� 12

where � 12 is the tilt angle of the beam inside the lens (see Section 2.4.5).

If we want to investigate how a beamsplitter reshapes the transmitted section of the beam, we can
use two tilted linear boundary matrices instead of spherical boundary matrices:

M beamsplitter = Tlinear boundary Thomogeneous mediumTlinear boundary

=

2

6
4

1 0 0
0 k02

k01
0

(k02 � k01) tan � 0 1

3

7
5

2

6
4

1 t 0
0 1 0
0 Hhm 1

3

7
5

2

6
4

1 0 0
0 k01

k02
0

(k01 � k02) tan � 0 1

3

7
5

(36)

[27].

2.4.5 Geometric considerations

Once we introduce a tilt � to the lens in the optical system, or a tilt � to the beam, we can no
longer assume the input positionzin for the transfer matrix to be equal to the position of the optical
element responsible for the transformation. This is illustrated in Figure 7, which shows a scheme of
a misaligned thin lens system. As can be seen, the position at which the beam interacts with the
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element on z does not necessarily correlate with the positionzlens. For a thin lens we can assume
zin = zout .

Figure 7: Illustration of beam geometry with thin lens for beam transformation. The beam travels on
a misaligned optical axisz0 and a separate misaligned axisz00after it is bent by a misaligned lens.

We can assign a misaligned beam a new optical axisz0 di�erent from the referential z-axis by
knowing the displacementd(z) of the beam, it's slopem = d d(z)=dz, and the waist location z0. We
can obtain the angle betweenz and a beam axisz0 with � = arctan( m) and subsequently an expression
for the beam axis:

z0 =
z � z0

cos(� )
: (37)

To obtain zin we can use a linear system of equations:

tan � =
zlens � zin

din � x0
;

tan � 1 =
din � d01

zin � z01
:

(38)

Solving Equation 38 yields the e�ective lens positionzin = zout :

zin =
zlens + tan � (x0 � d01 + z01 tan � 1)

tan � tan � 1 + 1
: (39)

Figure 8 shows the geometric scheme for a thick lens system. Contrary to the parameterization a thin
lens, which is described as a single object with one location, here we have to take position parameters
of two spherical boundaries into account. While the angle� remains the same for both, we now have
two o�sets x1 and x2 at two separate locations on z-axiszx1 and zx2. Additionally, the input and
output positions are not the same: zin 6= zout .
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Figure 8: Illustration of beam geometry with thick lens for beam transformation. The thick lens is
approximated by a three parts matrix element which' components have di�erent (but linked) position
parameters.

We want to describe the thick lens as a single unit at a positionzlens with tilt � and linear o�set
x0 from the z-axis, werex0 describes the o�set from the center of an untilted lens atzlens similarly to
the thin lens case. We can use simple trigonometry with

sin � =
x0 � x1

0:5L
; cos� =

zlens � zx1

0:5L
;

sin � =
x2 � x0

0:5L
; cos� =

zx2 � zlens

0:5L
;

(40)

to determine the o�sets x1;2 and positions zx1;x2 of the two spherical boundaries:

x1 = x0 �
L
2

sin �; z x1 = zlens �
L
2

cos�;

x2 = x0 +
L
2

sin �; z x2 = zlens +
L
2

cos�:
(41)

Next we need to �nd the input and output position of the matrix system, i.e. the positions
where the beam meets with the boundaries. This means that we have to know the slopem12 of the
beam inside the lens to determinezout . The beam transformation must hence be split into two parts.
Additionally to the second function in Equation 38 describing the initial beam path, we need a similar
function describing beam path inside the lens. We obtain

tan � 1 =
din � d01

zin � z01
;

tan � 12 =
dout � d012

zout � z012
:

(42)

To determine zin ;out and din ;out we need an expression for the spherical surface of the lens inter-
secting with the linear line describing the beam path. We can calculate the position of the center of
the sphere describing the lens surface as follows:

xC1 = x1 + R sin �; z C1 = zx1 + R cos�;

xC2 = x2 � R sin �; z C2 = zx2 � R cos�:
(43)
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The intersections (zin , din ) and (zout , dout ) are then where the distance to the sphere centers is
exactly R with

R2 = ( zC1;2 � zin ;out )2 + ( xC1;2 � din ;out )2: (44)

Combining Equation 44 with Equations 42 yields a linear system of equations which upon solving
lets us arrive at

zin =
� bin �

q
b2

in � 4ain cin

2ain
;

zout =
� bout +

q
b2

out � 4aout cout

2aout
;

(45)

with

ain = 1 + tan 2 � 1;

bin = � 2(zC1 + tan � 1(xC1 � d01 + z01 tan � 1)) ;

cin = z2
C1 + x2

C1 � R2 + ( z01 tan � 1 � d01)2 + 2xC1(z01 tan � 1 � d01);

(46)

and

aout = 1 + tan 2 � 12;

bout = � 2(zC2 + tan � 12(xC2 � d012 + z012 tan � 12)) ;

cout = z2
C2 + x2

C2 � R2 + ( z012 tan � 12 � d012)2 + 2xC2(z012 tan � 12 � d012):

(47)

din and dout can then be obtained from Equation 42:

din = ( zin � z01) tan � 1;

dout = ( zout � z012) tan � 12:
(48)

Geometry for a beamsplitter is similar to thick lens geometry but with linear instead of spherical
surfaces (see Figure 9). This means that we can use Equation 39 for the input positionzin by replacing
the parameterszlens with zx1 to obtain Equation 49.
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Figure 9: Illustration of beam geometry with beamsplitter for beam transformation. The beamsplitter
is approximated by a three parts matrix element which' components have di�erent (but linked) position
parameters.

zin =
zx1 + tan � (x1 � d01 + z01 tan � 1)

tan � tan � 1 + 1
(49)

To calculate the output position zout we follow the same principle, but similarly to the thick lens
case we need parameters of the beam inside of the optical element. With the tilt� 12, o�set d12 at
waist position, and waist position z012 of the beam inside the beamsplitter, this yields

zout =
zx2 + tan � (x2 � d012 + z012 tan � 12)

tan � tan � 12 + 1
: (50)

Obtaining x1, zx1, and x2, zx2 follows the same exact approach as for a thick lens. We arrive at:

x1 = x0 �
L
2

sin �; z x1 = zbs �
L
2

cos�;

x2 = x0 +
L
2

sin �; z x2 = zbs +
L
2

cos�;
(51)

with zbs the center location of the beamsplitter and x0 the corresponding o�set from the optical
axis z at zbs.

2.4.6 Fiber Collimators

Often the �rst step in a laser setup is to collimate the laser output. In our case, we are using a �ber-
coupled laser [31], and thus a �ber collimator. Like illustrated in Figure 10, the laser beam which is
diverging after exiting the �ber is reshaped by a lens system, that is about one focal e�ective focal
length f 0 away from the �ber end, into a approximately �at wavefront. If the distance is smaller, then
the beam will diverge, and if it's larger than f 0 it will converge to a focus at some distance [32].
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Figure 10: Sketch of the function of a �ber collimator for single-mode �bers [33].

One method to approximate the diameter of the collimated beam is to use the wavelength depen-
dent mode �eld diameter MFD of the �ber as a waist diameter with w0 = 0 :5 � MFD and the �ber
end as the position of the waist from which the beam diverges. Beam radiusw(z) (Equation 13) and
Rayleigh length zR (Equation 19) thus become:

w(z) =
MFD

2

s

1 +
�

z
zR

� 2

; ; (52)

zR =
�n

M 2�

�
MFD

2

� 2

: (53)

Placing the e�ective collimator lens with f 0at z0+ f 0 then allows to calculate the parameters of the
beam produced by the collimator with the beam transfer matrices in Section 2.4.2 and Section 2.4.3
[34].

2.4.7 2D camera coordinate system

After mathematically tracking the shape of the laser beam through the entire optical setup, we can
then simulate how it's �nal shape is perceived by the perspective of the phase camera. This allows us
to compare measurements with theory. Starting from a lab system with coordinates~r = ( x; y; z)| , we
can translate over into the coordinate system of a 2D camera~rC = ( xC ; yC ; zC )| via two 3x3 rotational
matrices Rx and Ry that describe rotation around the x and y axis:

~rC = Rx (� y)Ry(� x )(~r � ~dC ) =

0

B
@

1 0 0
0 cos� y � sin � y

0 sin� y cos� y

1

C
A

0

B
@

cos� x 0 sin� x

0 1 0
� sin � x 0 cos� x

1

C
A

0

B
@

x � dCx

y � dCx

z � zcam

1

C
A

(54)

[35].
with the o�set vector ~dC = ( dCx ; dCy ; zcam) that includes the camera o�sets in x- and y-direction,

as well as the camera positionzcam on the optical axis z. The rotational angles � x and � y are the
tilt angles of the camera relative to the lab system. � x describes the angle betweenx and xC , which
equates to a rotation around the y-axis, and� y denotes the angle betweeny and yC , and a thus a
rotation around the x-axis.
To simulate the transverse pro�le of a Gaussian beam's intensity and phase on the camera surface
however, we need to use the camera axes as input parameters. Hence we perform a rotation in the
opposite direction:
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~r � ~dC = Rx (� � y)Ry(� � x ) ~rC

=

0

B
@

1 0 0
0 cos(� � y) � sin(� � y)
0 sin(� � y) cos(� � y)

1

C
A

0

B
@

cos(� � x ) 0 sin(� � x )
0 1 0

� sin(� � x ) 0 cos(� � x )

1

C
A

0

B
@

xC

yC

zC

1

C
A

=

0

B
@

cos(� � x )xC + sin( � � x )zC

sin(� � y) sin(� � x )xC + cos(� � y)yc � sin(� � y) cos(� � x )zC

� sin(� � x ) cos(� � y)xC + sin( � � y)yC + cos(� � x ) cos(� � y)zC

1

C
A :

(55)

The camera surface is always located atzC = 0 , thus all factors in Equation 55 multiplied with zC

can be discarded. Moving the o�set vector ~dC to the other side, we obtain
0

B
@

x(xC )
y(xC ; yC )
z(xC ; yC )

1

C
A =

0

B
@

xC cos(� x ) + dCx

xC sin(� y) sin(� x ) + yC cos(� y) + dCy

xC sin(� x ) cos(� y) � yC sin(� y)yC + zcam

1

C
A (56)

as the lab coordinates. Next, we perform another rotation from the lab coordinate system~r =
(x; y; z)| into the coordinate system of the laser beam~rb = ( xb; yb; zb)| via

~rb = Rx (� y)Ry(� x )(~r � ~d0) =

0

B
@

1 0 0
0 cos� y � sin � y

0 sin� y cos� y

1

C
A

0

B
@

cos� x 0 sin� x

0 1 0
� sin � x 0 cos� x

1

C
A

0

B
@

x � d0x

y � d0x

z � z0

1

C
A

=

0

B
@

xb(x; z)
yb(x; y; z)
zb(x; y; z)

1

C
A =

0

B
@

cos� x (x � d0x ) + sin � x (z � z0)
sin � y sin � x (x � d0x ) + cos � y(y � d0C ) � sin � y cos� x (z � z0)

� sin � x cos� y(x � d0C ) + sin � y(y � d0C ) + cos � x cos� y(z � z0)

1

C
A :

(57)

[write this part again in own words, that leaves out overly technical values, also explain the
importance of the low pass �lter]

Similar to the camera parameters,� x and � y represent the tilt angles of the beam trajectory relative
to the z-axis of the lab system. d0x and d0y are the o�sets of the optical axis zb of the beam fromz at
the position z0 of the waist w0 on z. Combining Equation 56 and Equation 57 let's us directly access
the shape of a laser beam from the perspective of a 2D camera.

2.5 Signal demodulation

After the modulated laser beam is recorded, it can be demodulated. Superimposing the electric �elds
Ec and Eh of two laser beams, we can express the resulting electric �eld of the recombined beam as

E(x; y; z; t ) = Ec(x; y; z; t ) + Eh(x; y; z; t )

= Ucêc	 c(x; y; z)ei! c t + Ur êr 	 r (x; y; z)ei! r t

= Uc(x; y; z)êc � ei (! c t � � c ) + Ur (x; y; z)êr � ei (! r t � � r )

(58)

[8].
The indices arec for carrier, which denotes the test beam, andr for reference, which denotes the

reference beam. Equation 58 includes the carrier frequency! c and the frequency of the reference beam
! r = ! c + ! h , where ! h is the linear o�set from ! c for heterodyne detection and the beat frequency of
the combined signal. With Equation 18 and the identity cos(x) = exp( ix )+exp( � ix ) we can calculate
the intensity recorded by a photodiode if êcêr = 1 :
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I (t) = U2
c + U2

r + UcUr

�
ei (( ! c � ! r )t � � �) + e� i (( ! c � ! r )t � � �)

�

= U2
c + U2

r + UcUr cos(! h t � � �)
(59)

with � � = � c � � r . Equation 59 includes a DC o�set and a AC term that oscillates with time t. To
demodulate the recorded signal, we can split the signal into DC and AC terms and use an additional
oscillatory component

Vh(t) = e� i (! h t ) = cos(! h t) � i sin(! h t) (60)

that is multiplied to the AC component of Equation 59 to obtain the complex mixing signal

Z (t) = UcUr cos(! h t � � �) cos( ! h t)

= UcUr (e� i (2! h t � � �) + ei ( � �) )

= UcUr (cos(2! h t � � �) � i sin(2! h t � � �)

+ UcUr (cos(� �) + i sin(� �) :

(61)

The signal in Equation 61 now includes an oscillating term at2! h and a term that only contains
the geometric phase o�set � � between test and reference beam. We can apply an e�ective low-pass
�lter, by summing up a multitude of data samples over time which average out oscillating term. The
complex mixing sginal then becomes

Z (t) = UcUr ei ( � �)

= UcUr (cos(� �) + i sin(� �) :
(62)

Since 62 is complex, we can separate it into its real and imaginary parts:

I p = < (Z (t)) = UcUr cos(� �) ; (63)

Qp = = (Z (t)) = UcUr sin(� �) : (64)

In the complex plane, Equation 63 and Equation 64 describe the part of the signalI p, where the
test beam is in-phase with the reference signal, and the partQp where it's 90� out of phase. Amplitude
UcUr and phase� can then be reconstructed by:

UcUr =
q

I 2
p + Q2

p; (65)

� � = arctan

 
Qp

I p

!

: (66)

In our case we are using a test beam that includes the carrier signal, but also two sideband signals
created by the EOM with ! s = ! c � ! EOM . The demodulation is essentially the same. By adjusting
the demodulation frequency! h to ! h � ! EOM or ! h + ! EOM , which are the beat frequencies created by
the upper and lower sidebands in combination with the heterodyne frequency, phase and amplitude
information on all three wavefronts in the test beam can be obtained [8],[36].
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