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Abstract

The Einstein Telescope and the Cherenkov Telescope Array Observatory (CTAO)
are two next-generation instruments currently in the design and construction phase
to advance the �eld of astroparticle physics. Although they explore di�erent as-
pects of it, gravitational waves and gamma rays, both face similar instrumentation
challenges. In this thesis, specialised high-speed cameras are developed for each
experiment, which are related by their shared utilisation of high-speed ampli�cation
and digitisation.

In the �rst part of this thesis, a monitoring tool for the Einstein Telescope is
developed: A 56-pixel proof-of-concept phase camera capable of simultaneously
measuring the spatial phase and amplitude of di�erent radio-frequency components
of a laser. Such a phase camera allows the determination of the mode content
and wavefront aberrations caused by misalignment in the interferometer. A key
innovation of the prototype is the introduction of a multimode �bre array, which
signi�cantly improves image quality by stabilising the phase relation between the
pixels at higher frame rates. High-gain, high-bandwidth, low-noise ampli�cation is
developed to enable the digital demodulation to acquire the phase and amplitude
information of the di�erent radio frequency components. The complete signal chain
is designed, built, and characterised with an in-depth study of the acquisition of
phase and amplitude noise. To scale up the camera, the CTC digitising ASIC from
the SST Camera is adapted and integrated into the system. Finally, a commis-
sioning study of the phase camera at the ET Path�nder is conducted to verify the
performance and ability to observe and characterise the mode content.

In the second part, the front-end electronics for the SST, an Imaging Air Cherenkov
Telescope (IACT) of CTAO, are characterised and optimised, with particular focus
on the TARGET ASIC pair CTC and CT5TEA, the heart of the SST Camera.
Throughout this thesis, a standardised calibration chain is developed for large-
scale production of the camera, focusing on the digitisation ASIC CTC, re�ning
established routines and introducing new ones. Special emphasis is placed on
its temperature-stable performance, with in-situ recalibration techniques in the
camera for temperature-sensitive calibration steps. Additionally, comprehensive
evaluation and tuning of the Wilkinson ADC in the CTC are conducted to ensure
meeting the speci�c performance criteria. The validation and veri�cation results
demonstrate that the CTC is suitable for IACTs and meets the CTAO’s performance
requirements.





Zusammenfassung

Das Einstein-Teleskop und das Cherenkov Telescope Array Observatory (CTAO)
sind zwei Astroteilchendetektoren der n�achsten Generation, die sich gerade in der
Entwurfs- und Konstruktionsphase be�nden, um das Feld der Astroteilchenphysik
in Zukunft voranzubringen. Obwohl beide unterschiedliche Aspekte erforschen,
n�amlich Gravitationswellen und Gammastrahlen, stehen beide vor �ahnlichen instru-
mentellen Herausforderungen. In dieser Arbeit wird f�ur jedes Experiment jeweils
eine spezialisierte Hochgeschwindigkeitskamera entwickelt, deren gemeinsame Nut-
zung von Hochgeschwindigkeits-Verst�arkern und Digitalisierern sie eint.

Im ersten Teil dieser Arbeit wird eine Phasenkamera zur �Uberwachung der Wel-
lenfront eines Lasers im Rahmen des Einstein-Teleskops entwickelt. Als Konzept-
nachweis wird ein Prototyp mit 56 Pixeln konstruiert, der in der Lage ist, die
r�aumliche Phase und Amplitude der Wellenfront aller Radiofrequenzkomponenten
des Lasers gleichzeitig zu messen. Damit lassen sich der Modengehalt und Wel-
lenfrontaberrationen darstellen, die zum Beispiel durch Fehlstellungen des Lasers
im Interferometer entstehen. Innovativ ist hierbei die Einf�uhrung eines Multi-
modenlichtwellenleiters als bildgebender Sensor, der die Bildqualit�at signi�kant
verbessert, durch eine stabile Beziehung der gemessenen Phasen zwischen den
Pixeln bei h�oheren Bildraten. Dazu wurde ein Verst�arker mit hoher Bandbreite,
hohem Verst�arkungsfaktor und geringem Rauschen entwickelt, um die digitale
Demodulation zu erm�oglichen, mit der die Phasen beziehungsweise Amplituden
der verschiedenen Radiofrequenzkomponenten berechnet werden. Die komplette
Signalkette wurde entworfen, gebaut und charakterisiert mit einer eingehenden
Studie zum Phasen- und Amplitudenrauschen. Um die Skalierung der Kamera auf
eine Gro�zahl von Pixeln zu gew�ahrleisten, wurde der Digitalisierungs-ASIC CTC
adaptiert, welcher urspr�unglich f�ur die SST-Kamera entwickelt worden ist. Mit der
Inbetriebnahme der Phasenkamera am ET Path�nder wurde die Performance und
F�ahigkeit zur Abbildung und Charakterisierung des Modengehalts belegt.

Im zweiten Teil dieser Arbeit wird die Front-End-Elektronik f�ur das SST, ein bild-
gebendes Cherenkov-Teleskope (IACT) von CTAO, charakterisiert und optimiert,
mit speziellem Fokus auf das ASIC-Paar CTC und CT5TEA, dem Herzen der
Kamera. Im Rahmen dieser Arbeit wird eine standardisierte Kalibrierungskette
f�ur die Serienfertigung der Kamera entwickelt, wobei der Schwerpunkt auf dem
Digitalisierungs-ASIC CTC liegt. Daf�ur wurden verschiedene etablierte Kalibrie-
rungsschritte weiterentwickelt und neue hinzugef�ugt. Besonderes Augenmerk wird
auf die Temperaturstabilit�at der Performance gelegt, mit in-situ-Kalibrierungen,
die jederzeit in der Kamera wiederholt werden k�onnen, um auf Temperaturschwan-
kungen reagieren zu k�onnen. Dar�uber hinaus wird der Wilkinson ADC von CTC



im Detail evaluiert und optimiert, um spezi�sche Performancekriterien zu erf�ullen.
Schlussendlich zeigen die Validierungsergebnisse, dass CTC f�ur die Benutzung in
bildgebenden Cherenkov Teleskopen geeignet ist und die Performanceanforderungen
von CTAO erf�ullt.
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Chapter I.
Phase Camera for the Einstein Telescope





1. Introduction

Nearly exactly 100 years after their prediction by Albert Einstein [1, 2], gravitational
waves were directly measured on 14 September 2015 by the LIGO collaboration [3]
and paved the way for a new era of multi-messenger astronomy [4, 5, 6]. Two black
holes of 36+5

� 4 and 29+4
� 4 solar masses merged 410+160

� 180 Mpc away, creating one of the
most violent events in the cosmos. So violent that the ripples it left in space-time
were measurable here on Earth. Major advancements in laser interferometry were
needed to measure the length di�erences as small as 1000th of an atomic nucleus.
Since then, the topic of gravitational waves has evolved into a prospering branch
of physics, progressing the �elds of gravitational physics [7, 8, 9], astrophysics
[10, 11], cosmology [12], and nuclear physics [13], for example. With the Einstein
Telescope [14, 15], a third-generation instrument that extends the frequency re-
sponse and pushes the sensitivity to new limits in the design phase, it is now our
time as the next generation of scientists to contribute to such an amazing enterprise.

To achieve the sensitivity required for the detection of gravitational waves, di�erent
sensing and control techniques have to be implemented to keep the interferometer
within its operational range. An important example of such control techniques is
the Pound{Drever{Hall (PDH) technique to stabilise the length of optical cavities
or the frequency of a laser [16]. Here, the optical modulation of sidebands to the
primary laser frequency is implemented, creating radio-frequency beatings in laser
intensity between all frequency components. By demodulating these signals, an
error signal can be generated to align the mirrors accordingly.
With their radio-frequency shifted wavelength, the sidebands can be treated as
superimposed beams with their own wavefronts. Changes due to aberrations caused
by thermal lensing, mirror surface roughness, or misalignment, for example, act
individually on each radio-frequency component. These wavefront deformations
can then deteriorate the response of control techniques or of the interferometer in
general. An imbalance between the sidebands, for example, can cause problems for
the length locking of cavities [17].

Therefore, a new class of imaging sensors has been developed, capable of imaging
these individual wavefronts [18]. One of the most promising is the phase camera
[19], which measures the optical beating between the di�erent radio-frequency com-
ponents using regular photodiodes. To separate the di�erent frequency components,
an additional reference frequency is superimposed on the beam for heterodyne
detection. Via digital I-Q demodulation [20], the spatial phase and amplitude
of the beam can be determined simultaneously for all available radio-frequency
components. To spatially probe the wavefront, established systems scan the beam
over a single photodiode for imaging. Hence, the images lack a stable phase relation
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between pixels, which hampers the analysis of the phase image [19].
In this work, a phase camera with the novel concept of a multimode �bre array as
a static 2D image sensor is introduced. The promised advantage is a stable phase
relationship between pixels at higher frame rates, improving image quality. This is
made possible by the availability of the cost-e�cient Cherenkov-TARGET-C (CTC)
Application Speci�c Integrated Circuit (ASIC) [21] developed for the Small-Sized
Telescope (SST) Camera of Cherenkov Telescope Array Observatory (CTAO),
which allows for equipping a large number of pixels, as the digital demodulation of
all radio-frequency components in parallel requires> 500MSa=s digitising. As a
proof-of-concept study, a 56-pixel �bre-based phase camera is designed from scratch
and commissioned at the Einstein Telescope (ET) Path�nder [22].

The �rst part of this thesis is organised as follows. Section 1 starts with the
introduction of gravitational wave generation and the applied research on it. The
laser interferometer for detection is presented in Section 3. Emphasis is put on the
operation of Fabry{P�erot cavities [23] and how higher orders of Gaussian modes
[24] are created by misalignment. The latter will be important for verifying the
camera in Section 7. The concept behind and design of the �bre-based phase
camera is described in detail in Section 4. In Section 5, the signal chain of the
phase camera is de�ned and veri�ed in terms of measured noise and how di�erent
kinds of noise sources can couple into the system. To facilitate the production
of a large-scale version of the 56-pixel proof-of-concept camera, the CTC ASIC
[21] is introduced as a performant and cost-e�cient digitiser. The steps needed to
implement the ASIC developed for photon pulse detection into the phase camera
are described in-depth in Section 6. To demonstrate that the developed �bre-based
phase camera is capable of detecting and characterising higher-order Gaussian
modes, a measurement campaign at the ET path�nder [25], the infrastructure for
testing future technologies for the Einstein Telescope, is conducted. The methods
and image analysis are presented in Section 7. A summary and a respective outlook
are given in Section 8.
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2. Introduction to Gravitational Waves

In this Section, the description of gravitational waves is introduced together with
their detection properties. An overview of the di�erent topics that can be studied
with gravitational waves is provided.

2.1. Gravitational Waves and Einstein Field Equation

For the derivation of gravitational waves, the Einstein �eld equation has to be
solved [26, 27, 28], which links the energy and momentum of matter to the curvature
of space-time

R�� �
1
2

g�� R =
8�G
c4

T�� ; (2.1)

with R�� the Ricci tensor,g�� the metric, R the Ricci scalar,G the gravitational
constant, c the speed of light in vacuum andT�� the energy momentum tensor.
The Ricci tensor describes the change of a volume element across a curvature, while
the Ricci scalar describes the overall curvature. The de�nition of both can be
found in Appendix A, where the tensor calculus used in general relativity is also
listed. As this equation represents 10 highly non-linear inter-coupled equations, it
is not easily solved analytically without approximations or speci�c symmetries of
the given problem. For the derivation of gravitational waves, the approximation of
linearised gravity is used assuming a 
at metric� �� = diag( � 1; +1; +1; +1) with
small ripples jh�� j � 1 called strain, expressed asg�� � � �� + h�� . This breaks the
invariance under coordinate transformations as a reference frame is chosen. But
one can choose a frame where certain gauge symmetries still hold as coordinate
translation

x � ! x0� = x � + � � (x) (2.2)

in �rst order if j@� � � j is of the same magnitude asjh�� j which leads to the transfor-
mation of

h�� (x) ! h0
�� (x0) = h�� (x) � (@� � � + @� � � ) (2.3)

that preservesjh�� j � 1, and Lorentz transformationsx � ! � �
� x � . These gauge

freedoms will later be important. Before solving the Einstein �eld equation with
the linearised metric,

h = � �� h�� and �h = h�� �
1
2

� �� h (2.4)
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are de�ned to simplify the Equation. This leads to

� �h�� + � �� @� @� �h�� � @� @�
�h�� � @� @�

�h�� = �
16�G

c4
T�� (2.5)

with � = � �� @� @� . Using the Lorenz gauge@� �h�� = 0, which can be derived from
the translation freedom introduced in Equation 2.3, the Equation simpli�es to

� �h�� = �
16�G

c4
T�� (2.6)

which reassembles a wave equation with six degrees of freedom instead of ten. As
one is interested in the propagation of gravitational waves outside the source, the
energy-momentum tensor is set to zero (T�� = 0).
To further reduce the degrees of freedom, the Transverse-Traceless gauge (TT
gauge) can be chosen. It can be directly derived from the Lorentz gauge. Taking a
look on how�h�� changes under coordinate translation

�h�� (x) ! �h0
�� (x0) = �h�� (x) � (@� � � + @� � � � � �� @� � � ) � @� �h�� � � �� ; (2.7)

the Lorentz gauge transforms as

@� �h�� ! (@� �h�� )0 = @� �h�� � � � � : (2.8)

As @� �h�� = 0, it can be follows that � � � = 0 and � � �� = 0. Therefore, Equation 2.7
shows that the six degrees of freedom of�h�� can be reduced to two by constructing
a suitable � � that obeys the translation of coordinates. The use of this specially
constructed � � is called TT gauge. First, � 0 is chosen so that the trace of�h is
zero, which leads to�h�� = h�� . The spatial part � i is then chosen so thath0i = 0.
Expressed in terms ofh, this leads to the following gauging condition:

h0� = 0; hi
i = 0; @j hij = 0 : (2.9)

which only yields forT�� = 0 and, therefore, only outside the source. Solving the
wave equation (Equation 2.6) with a planar wave Ansatz together with the TT
gauge yields

hT T
ij (t; z) =

0

@
h+ h� 0
h� � h+ 0
0 0 0

1

A

ij

cos (!t r ) (2.10)

assuming the wave propagating along the z-axis withh+ and h� the plus and
cross polarisation of the transversal quadrupolar wave,! the angular frequency
of the gravitational wave andt r = t � z

c the retarded time. For each polarisation,
space-time is squeezed in one dimension and then stretched in the perpendicular
one per period! . An illustration is given in Figure 1.
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Figure 1: The propagation of a '+' and '� ' polarised gravitational wave along the
propagation vector~� . The squeezing and stretching of space-time is illustrated by
a ring of test masses. Image taken from [29].

2.2. The Challenge of Detecting Gravitational Waves

The planar wave Ansatz is useful for establishing gravitational waves in vacuum for
non-realistic objects, but the amplitudes of the di�erent polarisation modesh+ and
h� are still not solved. From Equation 2.6, it becomes evident that the amplitude
of gravitational waves is very small as16�G

c4 � 10� 43 s2=kgm. To calculate them,
Equation 2.10 is solved by using a Green function following the methods of [30,
27]. This yields

�hij =
2G
r

d2I ij

dt2
(t r ) (2.11)

with r the distance to the source,t r = t � r
c the retarded time and

I ij =
Z

yi yj T00(t; ~y)d3y (2.12)

the quadrupole moment tensor of the energy density of the source. To explore the
strain amplitudes of gravitational waves, an example of two orbiting black holes
of equal massM orbiting each other with distance 2R at angular frequency! is
presented, which yields

�hij =
2GM

r
! 2R2

0

@
� cos(2!t r ) � sin(2!t r ) 0
� sin(2!t r ) cos(2!t r ) 0

0 0 0

1

A

ij

(2.13)

for the strain amplitude. In linearised gravity, one can approximate the orbiting
speed and, therefore, angular frequency of the binary system in theNewtonian limit

Mv 2

R
=

GM 2

(2R)2
; (2.14)
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which leads to

! =

r
GM
2R3

: (2.15)

The strain amplitude h can then be calculated by inserting! in Equation 2.13. For
two black holes of ten solar masses each, orbiting at the ten times the Schwarzschild
radius at 100Mpc distance to the observer, the strain amplitude is of magnitude
h � 10� 21 at a frequency of� � 100Hz using Equation 2.13 and 2.15. To understand
the dimensions of this minuscule amplitude strain,h can be approximated ash � �l

L
with L the proper distance between two space-time points and�l the length change
due to the strain caused by the gravitational wave. Two test masses at a proper
distance ofL = 1 km change by�l � 10� 18 m, one thousand times smaller than the
size of a nucleus of an atom. A challenging but not impossible task, as the �rst
ever observation of gravitational waves with a laser interferometer showed [31].

2.3. Astronomy with Gravitational Waves

As a new messenger in astronomy, gravitational waves unlock a new \window" to
observe the universe. The applications are vast and diverse ranging from testing
fundamental physics to addressing a wide range of astrophysical and cosmolog-
ical problems. A brief summary is given here, following [15, 32, 33]. Unique
features are the direct imprints of the gravitational �eld, physical environment and
characteristics of the source in the gravitational wave itself. Therefore, a strong
gravitational �eld with large curvatures could directly be observed to test violations
of general relativity by Lorentz invariance violations [34] or violations of the strong
equivalence principle [35]. In the same vein, signatures of quantum gravity could be
found by parity violations that lead to certain polarisation states or birefringence
along wave propagation [36].
As the observed amplitude of gravitational waves from compact binaries depends
only on a handful of parameters and the distance to the observer, they are ideally
suited to determine cosmological parameters such as the Hubble parameter [37],
dark matter [38, 39] or dark energy densities [40]. Only the redshifts have to
be measured by follow-up electromagnetic observations. From observations of a
stochastic gravitational background, the formation histories of binary black holes,
neutron stars, and their progenitor stars can be revealed. The large-scale distri-
bution of galaxies and their clusters can be studied [41]. If there is a stochastic
background created by the early universe, the observed phase transitions would
also probe the standard model in energy ranges unattainable for contemporary
experiments [42].
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The equation of state of neutron star cores and the creation of their strong magnetic
�eld is still a puzzle. By the observation of neutron star binaries, the tidal
deformations of them are imprinted in the gravitational wave signal and are
dictated by the internal structure of the neutron star, which directly relates to the
introduced puzzles of neutron stars [43]. Together with follow-up observations in
the electromagnetic spectrum, the mechanics of gamma-ray bursts from neutron
star mergers or pulsar glitches could be constrained [44]. Neutron star mergers are
generally linked to the stellar abundance of heavy elements. Combined studies could
investigate if these mergers are su�cient for the population or if other astrophysical
events, such as supernovae, also play a part [45].
Population studies of stellar-mass black holes via black hole binary mergers could
also reveal primordial black holes as, among other things, a possible dark matter
candidate [46] and how black holes of� 85 solar mass form, as they are too heavy to
form via a progenitor star [47]. The measurement of the merger rates of these events
as a function of redshift could also be used to constrain the metallicity-dependent
stellar formation rate [48].
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3. Gravitational Wave Detection with Laser
Interferometers

In this Section, the fundamentals of detecting gravitational waves with a laser
interferometer are introduced. An exemplary schematic of an instrument can be
seen in Figure 2 with all the major components highlighted. Starting with the
fundamentals of paraxial optics to describe laser beams, the Michelson interferome-
ter is introduced as the baseline instrument of gravitational wave detection. The
operation in nulled lock-in detection mode is discussed in terms of the expected
signal and its advantages. To further increase the SNR of the interferometer,
Fabry{P�erot cavity arms (ITM + ETM) and power recycling (PRM + SRM) are
introduced as an extension of the detector. Then the mode cleaners (IMC + OMC)
are discussed to suppress non-uniformities of the laser beam and pointing errors.
The quantum noise suppression seen in Figure 2 in the form of the injection of
squeezed light is skipped as it is not relevant for this work. For further, information
see [50]. How noise can then couple to the interferometer is discussed in Section
3.8 with the emphasis on wavefront deformations that are investigated with the
presented �bre-based phase camera. If not stated otherwise, all Subsections follow
the example of [26, 51, 52]. In Section 3.1 to 3.1.2 the work of [51, 53, 54, 55]
are used as reference. The calculation from Section 3.2 to 3.6 follows directly the
methods of E. D. Black and R. N. Gutenkunst [56].

3.1. Paraxial Wave Optic

To describe and understand complex interferometers to detect gravitational waves,
the fundamentals of light propagation must be understood. To be more precise,
the propagation of laser light, which is concentrated near the propagation axis with
non uniform intensity distributions [57]. Starting with the Maxwell equations in
vacuum

r � ~E = 0 ( i ) r � ~E = � @t
~B (ii )

r � ~B = 0 ( ii ) r � ~B = � 0"0@t
~E (iv ) (3.1)

with � 0 = 4 � 10� 7 H m� 1 the vacuum permeability and"0 = 8:86� 10� 12 F m� 1

the vacuum permittivity, the wave equation for electromagnetic waves can then be
derived by taking the partial derivative in time of (ii) and then inserting (iv) to
the left-hand side. Applying (i) after using the Gra�mann-identity, leads to

� ~E �
1
c2

@2
t

~E = 0 ; (3.2)
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Figure 2: Illustration of a typical laser interferometer based on a Michelson
interferometer. Starting with the laser source on the left, the mode content of
the laser is cleaned in the input mode cleaner (IMC) and distributed into two
interferometer arms by the beams splitter (BS). To virtually increase the arm
length, Fabry{P�erot cavities (ITM + ETM) are used to fold the optical path. To
match the normal modes of the cavity with the modes of the input beam, several
telescopes are used (MMT1 + MMT2). The re
ection of the interferometer arms
is then recombined at the beam splitter (BS). The south port containing the signal
is then �ltered with squeezed light and the output mode cleaner (OMC) before
being detected by a photodiode. To increase the Signal-to-Noise Ratio (SNR) of
the interferometer, recycling mirrors are applied at both ports of the beam splitter
(PRM + SRM). All concepts are in-depth described in the following Sections. Image
taken from [49].
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the electromagnetic wave equation described in terms of the electric �eld, with
1
c2 = � 0"0 the inverse square of the speed of light. To solve the equation, a separation
of the variables is used, splitting the spatial component from the temporal one:
~E � E(x; y; z; t) = U(x; y; z)V(t), leading to

� U
U

=
1
c2

@2
t V
V

= const : (3.3)

As the left hand side is independent of the right side, the time dependent part
can then be solved using a harmonic oscillator Ansatze� i!t with ! the angular
frequency, leading to the dispersion relation of light

!
k

= c ; (3.4)

by wisely choosing the constant term in Equation 3.3 to be� k2. By analysing
the dimensions of the constant, it can be concluded thatk is the free space wave
number. The spatial part then gives rise to the Helmholtz equation

� U + k2U = 0 : (3.5)

For a electromagnetic wave propagating along the z-axis, the solution is of form

U(x; y; z) = u(x; y; z) � eikz ; (3.6)

with eikz , a plane wave propagating along the z-axis, andu(x; y; z) the beam shape.
To introduce a description foru(x; y; z), the solution is substituted into the wave
equation leading to following di�erential equation

�
@2

x u + @2
y u + @2

z u + 2ik@zu
�

eikz = 0 : (3.7)

Taking the paraxial nature of a laser beam into account,u(x; y; z) will only vary
slowly with z and, therefore, 2ik@zu will be small and @2

z u even smaller, which
leads to the paraxial wave equation

� T u + 2ik@zu = 0 ; (3.8)

with � T = @2
x + @2

y , the transverse Laplace operator.

3.1.1. Gaussian Beam

A solution to the paraxial wave equations are Gaussian beams. Depending on
the geometrical boundaries of the optical setup, they come in di�erent 
avours as
Hermite-Gaussian modes for rectangular symmetries and Laguerre-Gaussian modes
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Figure 3: Illustration of a Gaussian beam with the most relevant parameter and
observables marked.

for cylindric symmetries. Both span a complete set of modes capable of describing
arbitrary laser beams and share the same fundamental mode, theTEM 00 mode [51].
If a Gaussian beam is mentioned and the mode contend is not speci�ed, the TEM00

mode is meant.
To understand the fundamentals of the propagation of Gaussian beams and their
respective Higher Order Modes (HOMs) lets �rst have a look at the fundamental
mode propagating along the optical axisz. An illustration is given in Figure 3 and
it is described by

~E(r; z) = E0
w0

w(z)
exp

�
� r 2

w(z)2

�
exp

�
� i

�
kz + k

r 2

2R(z)
�  (z)

��
~� ; (3.9)

with E0 the E-�eld amplitude of the beam, z the coordinate along the optical axis,
r =

p
x2 + y2 the coordinate or distance perpendicular to the optical axisz, k the

wave number,~� the polarisation of the E-�eld, and the speci�c beam parameters
R(z) for the curvature, w(z) the waist size, and the Gouy phase, which are
de�ned as

w(z) = w0

s

1 +
�

z
zR

�
; R(z) = z

�
1 +

� zR

z

� 2
�

; (3.10)

 (z) = arctan
�

z
zR

�
; (3.11)

with zR = 1
2kw2

0, the Rayleigh range [55, 51, 53]. The waist sizew(z) gives the
radius of the transversal pro�le of them beam. It is Gaussian shaped as it follows
from exp

�
� r 2

w(z)2

�
in Equation 3.9. Therefore, the radius of the beam is de�ned as
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where the E-�eld amplitude drops to the fraction ofe� 1. The waist varies over the
propagation along the z-axis, is minimal atw0 � w(0), and diverges with � = w0

zR
.

To compensate the divergence of the beam, the wavefront is curved, which is
described by the curvatureR(z). For z � zR , the curvature can be approximated
by a planar wave while forz � zR , the curvature reassembles the one of a spherical
wave. At the focal region (z = 0), the curvature 
ips in sign.
An additional factor is the Gouy phase shift ranging from � �

2 to �
2 with the

largest increase in the Rayleigh range. The most intuitive way of interpreting this
additional phase shift is treating it as light path di�erence between the actual one
and the by geometric optic predicted path. Therefore, the Gouy phase is not solely
an attribute of Gaussian beam, but of every focused wave [58].
Although the description of Gaussian beams seems rather extensive, the entire
description of them is possible by knowing three parameters: The wavelength and,
therefore, wave numberk, the positions of the waistz0 (for z ! z � z0), and the
minimal extension of the waistw0. From there on, every other observable can be
derived.
Going one step further, one can de�ne the complex beam parameterq

1
q(z)

=
1

R(z)
�

i�
�w 2(z)

; (3.12)

which fully describes the beam at positionz. With it, the transfer matrix calculus
of ray optics can be restored [59] by using

�
x
�

�
!

�
q(z)

1

�
: (3.13)

For HOMs, the curvature R(z), waist sizew(z) stay the same. What changes is
the perpendicular cross-section of the beam and additional accumulation of Gouy
phase depending on the order of the mode, which will be introduced on the example
of Hermite-Gaussian modes.

3.1.2. Hermite-Gaussian Modes

The Hermite-Gaussian modes are complete set of solutions to the paraxial wave
equation in Cartesian coordinates described as

HGnm (x; y; z) =
1

p
2n+ m� 1n!m!�

w0

w(z)
Hn

 p
2x

w(z)

!

Hm

 p
2y

w(z)

!

�

� exp
�

�
r 2

w2(z)

�
exp

�
� ik

r 2

2R(z)
+ i (l + m + 1)  (z)

�
; (3.14)
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with Hn(x) the Hermite polynomials of nth order and de�ne the spatial char-
acteristics of the light �eld [51, 53]. Any laser beam can be described as the
following sum:

~E(t; x; y; z) =
X

j

X

n;m

E0~�HG nm (x; y; z) exp (� ikz + i!t ) : (3.15)

As seen in Equation 3.14, models a Hermite polynom in x- and y- dimension the
amplitude allocation of the cross section. This amplitude cross section is �xed and
scales only in size dependent on the waist sizew(z). An example is given in Figure
4 for di�erent modes with the amplitude cross section on top and the associated
phases on the bottom. The concentric features in phase are due to the curvature
of the wavefront while the sharp phase jumps are due to the sign change in the
Hermite polynomial. The sum (n + m) gives the order of mode and the additional
Gouy phase that accumulates. Therefore, two �rst order modes are presented on
the left and one second order on the right.

Figure 4: Top: Amplitude cross section of Hermite-Gaussian modes for di�erent
modes. Bottom: The associated phase.

3.2. Michelson Interferometer

Because of the quadrupole moment of gravitational waves, Michelson interferometers
are a natural �t as a gravitational wave detector. Here, a laser beam is split into
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two re
ective arms in x- and y-direction1 at a beam splitter. The re
ected signal
is then recombined at the beam splitter and read out with a photodiode at the
re
ective port, giving a measurement of the di�erence in arm length. Assuming
lossless mirrors, the electric �eld at the photodiode can be described as

Eout =
1
2

�
r xeik 2L x � r yeik 2L y

�
E in ; (3.16)

with the detected signal power being

Pout = jEout j2 = Pin cos2 [k(L x � L y)] ; (3.17)

with E in and Eout the respective in- and output E-�eld, r x and r y the re
ection
coe�cient of the mirrors at the end of the arms, k the wavenumber of the used
laser,L x=y the respective length of each arm andPout and Pin the in- and output
power measured with the photodiode. For simplicity isr x and r y are set to -1 for
full re
ection.
Adding the presence of a gravitational wave yields an additional length change in
both arms �L x=y depending on the induced strainh � �L x � �L y

L , which leads to

Pout = Pin cos2 [k(� L + Lh)] ; (3.18)

with � L = L x � L y and L = L x + L y

2 , where one can assume thatk� L � 1. In-
tuitively, one would suggestk� L = �

4 as interferometer con�guration to be the
most sensitive toh as the derivative is here at maximum. However, one is also
most sensitive to power, seismic or other �L in
uencing 
uctuations, which are
indistinguishable from gravitational wave in signal.

Nevertheless, a few key points of gravitational detection with Michelson interferom-
eter can be derived from Equation 3.18. As�L grows with increasingL, the SNR
can be increased by longer arms. The interferometer has to be decoupled from
any noise that in
uences � L, such as seismic noise or 
uctuations of the refractive
index of air, for example. Further, the SNR can be increased by larger laser power
as the intensity noise scales with

p
P. To decouple the measurement result from

the present power measurement 
uctuations, it is possible to run it in dark fringe
mode. Here, the phase between both arms are� apart and, therefore, negatively
interfere, resulting in no power at the read-out photodiode. But the detected signal
for a gravitational wave signal scales then withPout / h2 in �rst order. For the
expected strain ofh = 10� 21, this is nearly impossible to detect. Therefore, the
detection has to be enhanced by another technique, the nulled lock-in detection.

1Any con�guration is possible as long as the two arms can span a 2D coordinate system
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3.3. Nulled Lock-In Detection

The nulled lock-in detection restores the linear dependency of the output power in
h by applying a lock-in detection. At dark fringe, the power and the derivative are
zero, while the presence of a gravitational wave results in a second-order change in
signal. By modulating the signal and comparing the modulation to the response of
the instrument, the derivative of the instrument response is measured. Here, the
second-order e�ect is reduced to a �rst-order e�ect.
To modulate the signal beam, an Electro-Optic Modulator (EOM) is used to
modulate the phase of the laser beam with frequency 
. It consists of a Pockels
cell, a dielectric substrate whose refractive index changes proportionally to the
applied voltage [60]. The resulting E-�eld can be expressed as

E in = E0ei (!t + � sin 
 t ) � E0
�
J0(� )ei!t + J1(� )ei (! +
) t � J1(� )ei (! � 
) t

�
; (3.19)

with � the modulation depth that is proportional to the applied voltage, andJ0

and J1 the Bessel functions of the respective order (see Appendix B). The second
equation is approximated by the Jacobi{Anger expansion [61]. From thereon, one
can see that the phase modulation leads to two additional frequencies being present
in the laser beam, the so-called sidebands. The original frequency is called the
carrier. As the frequencies are in superpositions, they can be treated separately.
The detected E-�eld Eout can now be calculated by inserting Equation 3.19 into
the initial Eout (Equation 3.16) of the Michelson interferometer. For the carrier
Eout;c and sidebandsEout; � this results in

Eout;c = � iE 0J0(� ) sin
�

2�
� L
�

�
e� i!t + ik (L x + L y ) , and (3.20)

Eout; � = � iE 0J1(� ) sin
�
2�

�
� L
�

�
� L
� 


��
e� i (! � 
) t+ ik � (L x + L y ) ; (3.21)

with � the wavelength of the laser and� 
 the wavelength of the phase modulation.
At this point, the Schnupp asymmetry [62, 63] is introduced to the interferometer
by setting an asymmetric initial arm length with � L = n� . This way, the carrier
frequency is set on the dark fringe, while the sidebands are not. Without this trick,
the resulting signal at the end of this calculation would still be proportional to the
second order ofh. For the output E-�eld, this yields

Eout;c = 0 , and (3.22)

Eout; � = � iE 0J1(� ) sin
�
2�

�
� L
� 


��
e� i (! � 
) t+ ik � (L x + L y ) (3.23)
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without the presence of a gravitational wave. With the presence of a gravitational
wave � L ! � L + Lh, the carrier E-�eld changes to

Eout;c = � iE 0J0(� )e� i!t + i 2kL 2�
L
�

h ; (3.24)

usingsin(x) � x as 2� L
� h � 1. For the E-�eld of the sidebands, � L is approximated

by � L ! (1 + O(h)) as the zeroth order gives the needed linear term, while the
higher order terms are later anyway rejected by the analysis. Therefore, Equation
3.23 does not change. Now, the measured output power of the photodiodePout can
be calculated as

Pout = jEout j2 = jEout;c + Eout; + + Eout; � j2 (3.25)

= Pin J 2
0 (� )4� 2 L2

� 2
+ 2Pin J 2

1 (� ) sin2

�
2�

� L
� 


�

+ 2Pin J 2
1 (� ) sin2

�
2�

� L
� 


�
cos

�
2
 t + 8�

L
� 


�

+ Pin J0(� )J1(� )4�
L
�

h sin
�

2�
� L
� 


�
cos

�

 t + 4�

L
� 


�
; (3.26)

leading to four terms. Two DC terms and two oscillating terms, one oscillating at
2
 and one at 
, which is also linearly proportional to h, the variable of interest.
This term can be singled out by demodulating the signal with a local reference
oscillator of frequency 
 and then applying low-pass �ltering. Assuming a linear
photodiode with transimpedance gain G, the read-out voltage signal is

Vsignal = hGPout cos (
 t)i = GPin J0(� )J1(� )2�
L
�

sin
�

2�
� L
� 


�
� h (3.27)

independent of any intensity 
uctuations and linear inh. Signal strength can now
be optimised by adjusting the laser powerPin , the arm length L or the Schnupp
asymmetry � L , which has a natural optimum at � L = � 


4 . How these parameters
can be optimised is presented in the following Sections.

3.4. Fabry{P�erot Cavities

To e�ectively increase the arm length of the interferometer, the beam path can
be folded by bouncing the light back and forth in the arms. An elegant solution
are Fabry{P�erot cavities [23]. The simplest form of a Fabry{P�erot cavity is an
optical resonator consisting of two planar partly transmissive mirrors. For the sake
of understanding their role as an extension of the Michelson interferometer, it is
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merely enough to cover the plane wave response. How Gaussian beams couple
into such cavities and what additional problems arise with that is described in
Section 3.8.
When a beam encounters such a cavity, most of the incident light beam is re
ected
by the input mirror as a promptly re
ected beam. The leakage beam into the
cavity starts circulating. If the cavity length matches a multiple of the wavelength,
constructive interference leads to a standing wave in the cavity, building up the
amplitude of the beam. The cavity is now at resonance, and the amplitude of the
leakage beam out of the cavity can be comparable to that of the incident or promptly
re
ected beam. Small deviations of the resonance criteria 2L = �n , will lead to
large changes in amplitude. Therefore, Fabry{P�erot cavities are very sensitive
instruments for measuring length changes. Extending the Michelson interferometer
with Fabry{P�erot cavities, one can determine the re
ection coe�cient r as the
ratio between incident and re
ected E-�elds

r =
� r i + r0ei 4� L

�

1 � r i roei 4� L
�

; (3.28)

with r i , ro the re
ection coe�cients of the input and output mirrors (assuming
lossless mirrors),L the length of the cavity, � the wavelength of the beam.
The re
ective coe�cient depends on the length of the cavity for several pairs of
r i = ro and t i , where r i = ro can be seen in Figure 5. Instead of describing the
curves byr i , ro, the FinesseF

F =
�

p
r i ro

1 � r i ro
(3.29)

is calculated, which gives a measure for the sensitivity of the cavity for said
resonance criteria, as it can also be expressed as

F =
2� �

�
; (3.30)

with the ratio between the resonant peaks at�2 and � � the Full Width at Half
Maximum (FWHM) normalised to the amplitude in the cavity of it. Higher values
in FinesseF lead to stricter resonance criteria with larger amplitudes.
By using r i 6= r0, the cavity can also be tuned to re
ect or transmit more power
through itself when resonant. For the implementation in the Michelson interferom-
eter, the Fabry{P�erot cavity is overcoupled by choosingr i < r 0 so that the most
power is re
ected back into the interferometer.

To model the in
uence of the Fabry{P�erot cavity as arms of the Michelson inter-
ferometer, the re
ection coe�cient of the Fabry{P�erot cavity r (Equation 3.28) is

17



Figure 5: The re
ectivity and, therefore, response of several Fabry{P�erot cavities
with di�erent Finesse. The larger the Finesse, the stricter the criteria for resonance.

inserted as the re
ection coe�cients r x=ry of Eout of the Michelson interferometer
(Equation 3.16). The sidebands do not need to be in resonance with the Fabry{P�erot
cavities. It is even favourable, as the Schnupp asymmetry only has to be applied
from the beam splitter to the input mirrors, which is easier to implement. From
there on, the calculations of Section 3.3 can be repeated. To have a more precise
response, Equation 3.28 is replaced by

r =
�

1 �
Fac�

�

� �
1 + i8Fac

�L x;y

�

�
(3.31)

the re
ection coe�cient of a near resonance, lossy, and over-coupled Fabry{P�erot
cavity, with � the fractional power loss in one round trip,�L x;y the length deviation
from the optimum resonance length andFac � 2�

t2
i

the Finesse of an over-coupled
cavity. Altogether, this leads to the following response at the photodiode for a
Michelson interferometer with Fabry{P�erot cavities as arms

Vsignal = 4GPin J0(� )J1(� )Fac
L
�

sin
�

2�
� L
� 


� �
1 �

Fac�
�

�
� h ; (3.32)

which increased the signal linear inFac.

3.5. Power Recycling

When operating a Michelson interferometer at dark fringe at the photodiode, all
the power of the recombined beams from the arms have to be re
ected back to the
laser source due to energy conservation. Instead of wasting this power, a partially
transmitting mirror, called a power recycling mirror, is installed between the laser
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source and the beam splitter. Together with the arms of the interferometer, it again
forms a Fabry{P�erot Cavity, the recycling cavity. On resonance, the amplitude
of the created standing waves increases proportionally to the �nesse of the cavity.
The calculations follow those from Section 3.4, but in a more sophisticated manner,
as the carrier and sidebands need to be resonant in the power recycling cavity and
the complex transmission and re
ection coe�cients of the arm cavities have to be
used to calculate those of the recycling cavity. As the principles are the same, the
underlying calculation is skipped in this Section, and the result is presented as

Vsignal =
4

p
�

GPin J0(� )J1(� )Fac

p
F rc

L
�

� h ; (3.33)

with F rc the Finesse of the recycling cavity. The signal could only be increased byp
F rc as the sidebands are not resonant in the arm cavities.

3.6. Mode Cleaning Cavities

Up to this point, the interferometer can be described by planar waves. As in
Section 3.1 introduced, this does not depict the reality of laser beams. Therefore,
the cavities do not only have to be length-matched but also have the mirrors match
the curvature of the Gaussian beam in the cavity, as the cavity resonant modes
span their own set of Gaussian modes. This is called mode matching; the complex
beam parameterqinput has to be matched toqcavity . Through misalignment and
various other processes, higher-order modes can be generated in the cavities and,
therefore, in the interferometer. The detailed processes that lead to these HOMs
are discussed in-depth in Section 3.8.
At the detector photodiode, HOMs lead to a lower contrast as they are not at dark
fringe due their additional Gouy phase, lowering the SNR [26]. When entering
the interferometer, HOMs reduce the power in the TEM00 of the laser beam as
a consequence of energy conservation, again reducing the SNR of the detector.
Therefore, mode cleaners are installed at the in- and output of the interferometer.
With the suppression of the HOMs, the non-uniformities of the laser beam are
decreased with better pointing stability [64]. Additionally, the cavity acts as a
low-pass �lter on intensity noise [65].
To use a Fabry{P�erot cavity as a mode cleaning cavity, it has to be of high Finesse,
mode matched to the TEM00 mode of the input beam, and locked to the laser
frequency. To achieve this, the length of the cavity is kept variable and controllable
by a piezoelectric actuator. A feedback loop matches the cavity length to the laser
frequency of the TEM00 mode. This locking technique, called PDH locking, is
described in depth in the following Section. Due to the additional Gouy phase
of the HOMs, they do not resonate in the mode cleaning cavities. They are not
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transmitted but re
ected at the input mirror as a consequence of the high Finesse
of the cavity.

3.7. Pound{Drever{Hall Locking

The state of a Fabry{P�erot cavity can be monitored by measuring its re
ected
power. If the cavity is in resonance, the re
ected power drops to zero as the leakage
beam destructively interferes with the incident beam. When the cavity length or
the laser frequency changes, the re
ected power increases as the cavity goes out of
resonance. But the increase in re
ected power alone provides no information about
the direction the cavity goes out of resonance. Therefore, a nulled lock-in detection
based on the non-re
ective sidebands is applied as introduced in Section 3.3.
The re
ected power Pref measured at the photodiode can then be calculated by
multiplication of the sideband enhanced input E-�eldE in (Equation 3.19) and the
complex re
ection parameterr (! ) of the Fabry{P�erot cavity (3.28). Then, taking
the absolute square of it leads to

Pref = Pcjr (! )j2 + Ps
�
jr (! + 
) j2 + jr (! � 
) j2

�

+ 2
p

PcPs [Re (Err ) cos 
 t + Im ( Err ) sin 
 t] + [2
 terms] ; (3.34)

with Pc and Ps the respective power in the carrier or sideband, and

Err = [ r (! )r � (! + 
) � r � (! )r (! � 
)] ; (3.35)

the so-called error signal with! the laser frequency and 
 the modulation frequency
of the sidebands. By mixing the detected power with a reference frequency of 
,
the error signal can be retrieved. A comparison between the re
ected power and
the error signal of a cavity as a function of length can be seen in Figure 6.
This can now be used as an observable which highlights in which direction the
cavity drifts out of resonance. Subsequently, this can be used to actively regulate
the length of the cavities [66]. This technique was originally developed for the
stabilisation of microwave oscillators [67] by R.V. Pound and adapted for optical
frequencies by R. W. P. Drever et al. in [16].

3.8. Generation of Higher Order Modes

Constructing such an advanced instrument, all components can only be created
and aligned to a certain precision. Imperfections in the mirror surface smoothness
or the homogeneity of the refractive index will lead to deformation in the wavefront.
Thermal expansion due to the local absorption of laser light or a change in refractive
index in components will lead to similar results. Misalignment and deformations of
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Figure 6: Comparison between the re
ectivity of a cavity around resonance
and the generated error signal produced by applying the PDH technique of nulled
lock-in detection.

beams result in di�erent responses of the Fabry{P�erot cavities. And the list goes
on. All these e�ects contribute to the generation of HOMs [24, 68].
In this Section, the generation of HOMs due to a mode mismatch between the input
beam and cavity normal modes shall be exemplarily discussed. Mode mismatches
can be categorised into four cases, as illustrated in Figure 7.
A description of each case is laid out following the approach provided in [69]2,
where the mismatched beam in fundamental mode is described in the bases of the
normal modes of the cavity in �rst order. For simplicity, only HOMs up to the
second order are considered, and the modes are only considered in two dimensions
HGnm (x; y; z) ! HGn (x; z) with z = 0 without loss of generality. Therefore, the
fundamental and the �rst two orders reduce to

HG0(x) =

r
2
�

e
� � x 2

w 2
0 ; HG1(x) =

2
p

2
p

�
x
w0

e
� � x 2

w 2
0 ; (3.36)

and HG2(x) =
1

p
�

�
4x2

w2
0

� 1
�

e
� � x 2

w 2
0 ; (3.37)

using Equation 3.14.

Tilt Mismatch
From the perspective of the normal modes of the cavity, a tilted beam at angle�
can be described as

E(x) = E0HG0eik�x ; (3.38)

2The source uses a di�erent normalisation for the set of used Hermite-Gaussian modes.
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Figure 7: Illustration of the four ways of misaligning an input beam (red) to
the normal mode of the cavity (blue). A tilt between the optical axes a), an o�set
between the optical axes b), a mismatch in waist position c), and a mismatch in
waist size d).

as the wave propagates along a line described bye� ik (z+ �x ) . For small angles, this
can be approximated by

E(x) � E0HG0 (1 + ik�x ) = E0

�
HG0(x) +

ikw0�
p

2�
HG1(x)

�
; (3.39)

using the Taylor expansion ofex � (1 + x) up to the �rstorder. A tilted input
beam therefore induces an additional�2 out-of-phase �rst-order mode.

Optical Axis O�set
For an o�set of a between the optical axis of the input beam and the normal modes
of the cavity, the beam can be described as

E(x) = E0HG0(x � a) = E0

r
2
�

e
� � ( x � a ) 2

w 2
0 = E0

r
2
�

e
� � x 2

w 2
0 e

� ax
w 2

0 e
� � a2

w 2
0 ; (3.40)

where e
� � a2

w 2
0 � 0. By using the Taylor expansion ofe

� ax
w 2

0 up to �rst order, the
beam can be approximated with

E(x) � E0

r
2
�

e
� � x 2

w 2
0

�
1 +

2ax
w2

0

�
= E0

�
HG0 +

a
w0

HG1

�
; (3.41)

which results in an additional in-phase Hermite-Gaussian mode of �rst order.

22



Waist Position Mismatch
In the case of a waist position mismatch,z0 = binstead ofz0 = 0 for the input beam,
the curvature of the beam becomes relevant again asR(� b) 6= 0 (see Equation
3.11). Therefore, the input beam can be described as

E(x) = E0

r
2
�

e
� � x 2

w 2
0 e� ikx 2

2R ( � b) (3.42)

in the normal modes of the cavity. Taylor expandinge� ikx 2

2R ( � b) to �rst order, leads to

E(x) � E0

r
2
�

e
� � x 2

w 2
0

�
1 �

ikx 2

2R(� b)

�
(3.43)
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2kw2
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8R(� b)

�
HG2 +

1
p

2
HG0

� #

; (3.44)

a �
2 out-of-phase second order and fundamental term.

Waist Size Mismatch
For the waist size mismatch of �w, the beam can be described in the normal modes
of the cavity by w0 ! w0 + � w:

E(x) = E0

r
2
�

e
� � x 2

( w 0+� w ) 2 : (3.45)

Taylor expanding the whole exponential function aroundw0 up to �rst order leads
to

E(x) � E0

r
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�

e
� � x 2

w 2
0

�
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2x2� w
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�
(3.46)
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2
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� #

; (3.47)

an in-phase second order and fundamental term.
The rule of thumb for all cases can be expressed as asymmetric variations lead to
odd Hermite-Gaussian HOMs while symmetric ones lead to even Hermite-Gaussian
HOMs, which corresponds to their intensity cross-sections. The three dimensional
case ofHGnm (x; y; z) can be easily derived by [51]

HGnm (x; y; z) = HGn (x; z)HGm (y; z) : (3.48)

A standard way [64] to detect and then correct these misalignments is the Ward
technique [69]. The already implemented sidebands, which stabilise the cavity

23



length via the PDH technique, are here detected with two quad photodiodes. One
in the near-�eld and one in the far-�eld of the beam to disentangle the in-phase
and �

2 terms of the generated HOMs. By subtracting mixed powers of di�erent
quadrants, an error function proportional to the asymmetric HOMs can be created.

3.9. The Einstein Telescope

The Einstein Telescope is planned as a next-generation laser interferometer instru-
ment to detect gravitational waves, increasing the sensitivity by over a magnitude
[14, 70, 71, 32]. The o�cial site location is still up for debate. However, it will be
chosen from the following locations, with operation planned to start in 2035: the
Meuse-Rhine Euroregion (Belgium, Netherlands and Germany), Sardinia (Italy)
[72], and the newest contender, Lusatia (Germany) [73].
Instead of deploying one broadband interferometer, the xylophone approach of
one high-frequency and one low-frequency optimised interferometer is chosen. In
order to understand the design choice, the fundamental noise sources have to be
discussed. As an example, the sensitivity curve of the low-frequency interferometer
of the Einstein Telescope is presented in Figure 8.

Figure 8: Sensitivity curve for the proposed low-frequency interferometer of the
Einstein telescope with each noise contribution marked. Created with [74].

The main limiting factor of a laser interferometer is the quantum noise of the
laser itself. It can be roughly divided into radiation pressure noise, which dom-
inates for low frequencies (< 50Hz), and shot noise, which dominates at higher
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frequencies (> 200Hz) [71]. The radiation pressure noise arises from the laser
amplitude 
uctuation, leading to variation in the momentum transfer between
the emitted photons and the suspended mirrors, causing vibrations. This e�ect
scales proportionally to the laser power in the interferometer. Shot noise, on the
other hand, is due to the phase uncertainty of the light �eld itself and scales
with the square of the power. Therefore, it is operated at a laser power in the
Fabry{P�erot cavities of 18 kW to avoid unnecessary radiation pressure noise in the
aspired frequency range, while the high frequency one is using a laser power of 3MW
to increase the SNR in comparison to the shot noise in the high frequency range[71].

Another major noise source are thermal e�ects, as in the suspension, the coating
or the substrate of the optics itself. For the suspension, additional vibrations
are generated, while for the coating and substrate, the thermal load leads to
deformation, changes in refractive index or Brownian 
uctuations. As these e�ects
drop o� with frequency, the low-frequency interferometer is more a�ected. Therefore,
the low-frequency interferometer is equipped with cryogenic compliant suspension
with silicon as mirror material and is cooled to 10 to 20 K. In contrast, the
high-frequency interferometer pushes the techniques used in second generational
detectors, such as Advanced LIGO [31] and Advanced Virgo [75], to the next level
at room temperature.
Following the concept of the advanced Virgo detector, a 17 meter long superatten-
uator consisting of a six-stage pendulum system for horizontal seismic isolation
is planned. Similarly, a cantilever spring system will be used for vertical seismic
isolation. Both are hosted by a inverted pendulum, further attenuating in the
horizontal. To reduce the in
uence of local gravitational forces generated by mass

uctuations in the environment, the detector will be built at a depth of 200 to
300 m.
As a detector layout, two versions are presented, one consisting of two L-shaped
detectors at di�erent locations and one equilateral triangle-shaped detector at one
location with three xylophone interferometers interlocked. An artist's impression
of the triangular-shaped version is given in Figure 9. For both arm cavity length
between 10km an 20km are suggested [32]. The advantage of two L-shaped
detectors is the better localisation of sources and the veto of false signals created
by the environment, while the triangle-shaped detector is equally sensitive to each
polarisation of gravitational waves and has a more cost-e�cient infrastructure.
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Figure 9: Artist's impression of the triangular-shaped detector layout of the
Einstein Telescope. Image taken from [76].
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4. Phase Camera Design

Wavefront deformations caused by thermal lensing, mirror surface roughness, and
misalignment in the interferometer, for example, can create di�erent mode content
for each radio-frequency component. This mode content deteriorates the response
of the instrument to gravitational waves. Therefore, a monitoring tool is needed
to detect these wavefront aberrations across all radio-frequency components to
trace down noise sources and eliminate them. Such a tool, for example, is a phase
camera, which depicts the phase and amplitude of the wavefront by means of a
reference beam, called heterodyne detection and analyses the signal similarly to
the nulled lock-in detection in Section 3.3. There are of course di�erent techniques
to realise such wavefront sensors capable of imaging the phase and amplitude [18]
like time of 
ight cameras [77], optical lock-in cameras [78] or scanning pinhole
phase cameras [19], each with their own advantages and disadvantages.3

The signi�cant advantage of a phase camera is that the spatial amplitude and
phase of the wavefront can be measured simultaneously for all sidebands if digital
demodulation is used. In Advanced LIGO, for example, �ve sideband frequencies
result in eleven to monitor wavefronts including the carrier [79].
This comes at the cost of the need for high-speed digitisers at sample rates of
� 500MSa=s. An initial and well-established design of the phase camera is the
scanning pinhole camera, where a piezo-driven mirror is used to scan the wavefront
over the diode [19], keeping the cost of the digitiser low.

In this work, this concept is extended by introducing a static 1D/2D image sensor.
A spatial image sensor has the advantage of a stable phase relation between pixels
at higher frame rates. The development is driven by the availability of the low-cost,
high-speed digitiser ASIC CTC, which was initially developed for the SST Camera
of CTAO, allowing the equipping of large pixel number sensors. Although, for the
proof of concept, the commercial Spectrum M4i.4451-x8 digitising cards [80] are
used for prototyping of the signal chain. A suitable spatial image sensor is found
as a multimode �bre array equipped with individual photodiodes.
In this Section, the general concept of phase cameras is introduced, followed by
the introduction of the �bre-based camera, with the novel feature of a multimode
�bre array as an imaging sensor. Then the �bre-based camera is described in
depth, starting with the optical setup used in the laboratory. The in
uence of the
multimode �bre array on the observed phase is discussed. A detailed description of
the electrons developed for the signal chain is followed.

3This list is not exhaustive.
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4.1. Concept of the Phase Camera

The concept of locked-in ampli�ed detection is already introduced in Section 3.3.
For the phase camera, this concept is extended by introducing heterodyne detection
of the signal combined with I-Q demodulation of the signal, to recover the phase
and amplitude of each radio-frequency component [20]. Heterodyne detection is
the interference of the observable beam with a frequency-shifted reference beam.
This has two reasons: First, as the carrier and the sidebands of the laser beam
are the observables of the phase camera, the sidebands can no longer be used as a
reference for the demodulation/mixing. Second, the frequency shift is needed as
sidebands of the modulation frequency of 
 are indistinguishable from each other
when demodulating again, as

Phomodyne = jEc(x; y; t ) + E+ (x; y; t ) + E � (x; y; t )j2 (4.1)

= jEc(x; y) exp [� i (!t + � c)] (4.2)

+ E+ (x; y) exp [� i (( ! + 
) t + � + )]

+ E � (x; y) exp [� i (( ! � 
) t + � � ))] j2

= Pc + P+ + P�

+ 2jEcjjE+ j cos [
 t + � c � � � ]

+ 2 jEcjjE+ j cos [� 
 t + � + � � c]

+ 2 jE � jjE+ j cos [2
 t + � + � � � ] (4.3)

contains two cosine terms with the same frequency 
. Adding the presence of a
reference beam of frequency! ref to create the heterodyne detection, the detected
power is extended by

Pheterodyne = jEc(x; y; t ) + E+ (x; y; t ) + E � (x; y; t ) + Eref (x; y; t )j2 (4.4)

= Phomodyne + Pref

+ 2jEcjjEref j cos [! ref t + � ref � � c]

+ 2 jEcjjEref j cos [(! ref + 
) t + � ref � � + ]

+ 2 jEcjjEref j cos [(! ref � 
) t + � ref � � � ] : (4.5)

The sidebands can now be individually acquired by mixing the detected signal
with the modulation frequency relative to the reference frequency. Therefore, the
frequency-shifted reference beam is strictly speaking part of the phase camera, as
without it, the separation of sidebands by mixing the signal is not possible.
To extract the phase of an arbitrary radio-frequency component and, therefore, a
term in Equation 4.5, the I-Q demodulation shall be exemplary derived. But �rst,
the mixing process is extended by

I = P cos (! m t) ; Q = P sin (! m t) ; (4.6)
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Figure 10: Schematic for the heterodyne detection of the sidebands and carrier
signal for an arbitrary cavity. The sideband modulation frequency is set to 10MHz,
while the reference is 80MHz detuned to the initial laser frequency. In relation
to a shifted reference, the sidebands can individually be distinguished as they are
seen as 70 MHz and 90 MHz modulations.

which are de�ned as in-phase (I ) and quadrature (Q) terms of the signal, with
P the detected power of the photodiode and! m the mixing frequency. NowI is
calculated by using Equation 4.5 as input, but only considering the! ref term for
simplicity.

I = 2 jEcjjEref j cos (! ref t + � � ) cos (! m t) (4.7)

= 2jEcjjEref j cos [(! + ! m )t + � � ] cos [(! � ! m )t + � � ] ; (4.8)

with � � = � ref � � c. For ! = ! m , which is the desired value, the equation simpli�es
to

I = 2 jEcjjEref j [cos (� � ) + cos (2!t + � � )] : (4.9)

By applying a suitable low-pass �lter, one can get rid of the second term dependent
on 2! . All that is left is a cosine term depending on the relative phase between
the wanted observable and the reference beam. For a signal consisting of multiple
frequencies, a lower cut-o� frequency reduces the in
uences of unwanted frequencies
and, therefore, increases the SNR. In this work, a low-pass �lter is applied by
summing over an integration time of the mixed signal. CalculatingQ leads to a
similar result, but replaces the cosines with sines. By applying

� � = arctan
�

Q
I

�
; A =

p
I 2 + Q2 ; (4.10)
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the relative phase � � and the mixed amplitude A can be calculated. In other
words, the I-Q demodulation represents a discrete Fourier transformation evaluated
at one frequency. Increasing the integration time (a decrease of cut-o� frequency)
and, therefore, the number of samples, the frequency bins and, therefore, frequency
resolution increases. As the phase of one of these frequency bins is evaluated, the
SNR increases with the smaller frequency bins as less of the noise 
oor is present
in the observable. A large enough integration time is also needed to separate the
individual sidebands in the frequency spectrum.

From these calculations, it is evident that the phase camera is only able to measure
the phase of wavefronts in relation to the reference beam. A change in signal or
reference is indistinguishable. In Section 5.3, it will be evident that a non-stable
reference is the limiting factor in phase resolution. Additionally, if! 6= ! m ,

� � = arctan
sin [(! � ! m )t + � � ]
cos [(! � ! m )t + � � ]

= � !t + � � (4.11)

phase ramps with the frequency �! = ! � ! m are observed in the phase. Di�erences
in frequency greater than the image rate of the camera are enough to make the phase
time series uninterpretable. A synchronisation between the di�erent frequency
oscillators is therefore essential. Following from Equation 4.6, the noise for the
phase and the amplitude can be calculated by error propagation, leading to

� Ampl = � Signal and � � =
� Ampl

Ampl
: (4.12)

The noise in amplitude therefore only depends on the noise 
oor of the signal chain,
the integration time of the I-Q demodulation and the intensity noise of the laser
itself. The phase noise, on the other hand, also depends on the detected amplitude
of the demodulated signal.

4.2. Fibre-Based Camera Overview

The novel feature of the �bre-based phase camera is the 2D image sensor. The
expertise of parallel fast digitisation of photo detectors was already present at
the local institute. The challenge at hand is to �nd a suitable spatial 2D sensor
su�cient for the needs of a phase camera. Two ideas were proposed, each with its
own advantages and disadvantages. The �rst was using a 2D Avalanche PhotoDiode
(APD) array. Tightly pitched and fast APDs could monitor the laser beam directly,
similar to the established phase cameras. But the tightly laid out APDs on one
substrate would lead to high cross-talk between the pixels for radio frequency
signals as observed in quadphotodiodes [81]. Additionally, arrays larger than8 � 8
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or 1 � 128 are hard to manufacture. In principle, a prototype camera with a
limited number of pixels would be possible, but not scalable.

Figure 11: Schematic of the phase camera as it is set up in the laboratory. The
EOM is not part of the phase camera, but creates the sidebands in order to test
the phase camera.

Therefore, the second approach, a camera based on an optical �bre array was chosen.
An arbitrary amount of optical �bre can be packaged and glued together, solving
the scalability problem. By using individual Positive Intrinsic Negative (PIN)
photodiodes at the end of each �bre as read-out, the radio frequency cross-talk
in the substrate in can not emerge. This all comes at the cost of power loss at
coupling into the individual �bres, resulting in the need for high input laser power
and/or higher gain ampli�ers. Additionally, the signal propagation in the optical
�bre has to be understood.

A schematic overview of the �bre-based camera as it is tested in the laboratory
is given in Figure 11. A 1550nm laser is split into two paths via a beam splitter:
A signal path with an EOM to generate the wanted sidebands to observe and a
reference path including an Acousto-Optic Modulator (AOM) to shift the frequency
for heterodyne detection. The AOM is �bre-coupled to simulate circumstances at a
large infrastructure such as the Einstein Telescope. Both beams are recombined with
a second beam splitter and observed with the �bre array, where each individual pixel
intensity is measured with a photodiode and ampli�ed by the ET-0002 ampli�er
board. The Alternating Current (AC) port is digitised by fast (> 500MSa=s)
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digitisers to extract the phase and amplitude of each radio-frequency component,
at the same time, the overall laser intensity is monitored via the Direct Current
(DC) port digitised with the low spec SLOW DAQ digitisers. A trigger module
sets the frame rate of the camera. For correct operation of the camera, all needed
signal generators and DAQ electronics are synchronised by a shared 10MHz clock.
A detailed description of each component is given in the following Sections.

4.3. Optical Setup

During the course of this work, the optical setup was changed multiple times to
adapt to new insights or beam con�gurations. A characterisation of the beam
parameters is therefore left out, as it is also not needed to understand the operation
principles of the phase camera and its characterisation in performance. For the
analysis of wavefront phase images, this becomes relevant again and is provided in
the dedicated Sections.
Nevertheless, the fundamentals to generate the heterodyne detection stayed the
same. These can be grouped into the laser source, a signal path which generates
sidebands, and the reference path, shifting the beam frequency to enable heterodyne
detection. All of them are presented in the following Sections.

4.3.1. Laser Source

As a laser source in the laboratory, the CoSF-F-ER-B-LP from Connet Laser
Technology [82] is used. It is a 1550nm �bre-coupled laser with an adjustable
power range from 10mW to 200mW. The phase noise over the relevant frequency
spectrum up to 10kHz is below 1mrad, with a Relative Intensity Noise (RIN) that
is below� 145dBc=Hz. In the later Sections, it will be evident that the phase noise
of the laser is below the best measured phase resolutions of the �bre-based phase
camera (Section 5.3) and the RIN is below the noise 
oor of the developed ampli�er
board (Section 5.1). Therefore, it is a suitable choice for testing the �bre-based
phase camera.
To create a free-space laser beam, the THORLABS TC12APC is used as a collimator
with a waist diameter of 2:27 mm at a distance of 10:20 mm in front of the laser.

4.3.2. Signal Path

For the generation of sidebands, the EOM QUBIG PM7-SWIR110 [83] is used. As
the sidebands are only generated to test the phase camera, their exact frequency is
arbitrary. Therefore, it is a resonant EOM of nominal centre frequency of 10MHz
that any function generator can drive. The modulation depth, depending on the
input voltage and order n of the sideband, can be seen in Figure 12 and follows
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jJn j2 with Jn being a Bessel function (see Appendix B). It is directly derived
from Equation 3.19 and the voltage to modulation depth� response of the device.
For use in the laboratory, the modulation depth� is varied depending on the
measurement if more or less power is needed in the sidebands (Section 5.3) or if
more frequencies in the frequency range are needed to be probed (Section 5.5.2).
Instead of 10MHz, 10:045MHz is used as it is the measured centre frequency of
the EOM.

Figure 12: The calculated relative intensity for sidebands of nth order, depending
on the applied Radio Frequency (RF) voltage at resonance frequency, is represented
by the associated Bessel functionjJn j2.

4.3.3. Reference Path

To enable heterodyning detection, one of the split optical arms needs to be shifted
o� the natural frequency of the laser. In the phase camera setup, this is the
reference path, which is strictly speaking part of the phase camera itself. For
frequency shifting, the �bre-coupled AOM AERODIODE 1550AOM-11 [84] with a
nominal shifting frequency of 80MHz is used. The �bre coupling is indispensable
at a large facility like the Einstein Telescope, where free-space distribution of the
laser is not an option, as it may be several hundred meters away.
In order to e�ciently couple into the �bre, the input beam must be focused onto
the �bre core at a certain incident angle depending on the �bre characteristics.
For simplicity and stability of the setup, a collimator is used for this purpose.
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Typically, these are applied to parallelise the divergent light of a �bre to a certain
waist diameter, but can also be used vice versa. Matching the waist diameter and
position of the to-be-focused beam to the specs of the collimator, it will focus the
light into the �bre. For the used THORLABS TC12APC, the waist diameter is
2:27 mm at a distance of 10:20 mm in front of the collimator.
The AOM shifts the frequency of the input laser by applying an acoustic wave
to an optical medium. The incident light is di�racted o� the crystal by Bragg
di�raction. The scattered light is then Doppler shifted up or down by the applied
acoustic frequency and emitted at a certain angle due to the momentum transfer
of the vibrating crystal to the light �eld [85, 86].
For phase camera measurements, the combination of function generator Aimtti
TGF4082 and ampli�er Mini-Circuits ZHL-6A-S+ is used to provide the 80MHz
signal in the needed power range of 15 to 35 dBm to drive the AOM.

In order to characterise the reference path, the throughput power depending on the
RF driving power, laser input power and laser frequency is measured. For both,
the Siglent SDG6052X is used to drive the AOM, as the Aimtti TGF 4082 has a
maximum output frequency of 80MHz. To measure the power of the beam, the
light power meter THORLABS PM16-122 is used to measure the output power.
For each set of parameters, 120 seconds worth of data is collected at a rate of
roughly 1 Hz and then averaged.
For the dependency between the set RF driving amplitude and frequency shifted
transmitted power, the RF driving signal is set to 80MHz sine wave withVhigh

varied between 100mV an 800mV while Vlow remains at 0mV. This is repeated for
di�erent laser input powers. As the used light power meter can only handle powers
up to 40mW, the input powers above are extrapolated from the measurements
within the limit. The results can be seen in Figure 13.
On the left, the percentage of transmitted frequency-shifted laser power to set RF
driving amplitude is proportional to a square law and is independent of the input
laser power. Therefore, the setup can be used at di�erent optical powers without
recalibration of the reference path. To extrapolate the results, a square �t is used
with �t values a = 2:11� 10� 5 � 1:19� 10� 12 and x0 = ( � 43:5 � 0:3) mV.
For the frequency response of the AOM, the ampli�er is driven with a sine wave of
Vlow = 0 mV and Vhigh = 800 mV over the frequency range of 60MHz to 100MHz
in steps of 1MHz. The deployed input power is� 28mV, measured in front of the
�bre collimator.
The throughput power dependent on the frequency can be seen in Figure 13 on the
right. To determine the resonance frequency of the AOM, a Gaussian function is
�tted to the curve, which results in a resonance frequency of (79:477� 0:001)MHz
with a FWHM of (22:975� 0:001)MHz. Due to the width of the resonance, it is not
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Figure 13: Left: Transmitted power of the AERODIODE 1550AOM-11 AOM in
dependency of the driving RF amplitude. A dependency on the laser input power
could not be found. Right: The transmitted power in dependency of the input RF
frequency.

essential to precisely drive the AOM at it. In contrast, for certain measurements, it
comes in handy to drive the AOM at di�erent frequencies. For example, in Section
5.5.2 the AOM frequency is varied up to 15MHz to probe the frequency space
better. If not explicitly mentioned, the AOM is driven at 80 MHz.

4.4. Optical Fibre Array

For the �bre-based phase camera, two �bre arrays are used. A 2D 8� 8 array from
MEISU Optics and a 1D 1� 64 array from SQS Vl�aknov�a optika. Both feature
multimode �bre with a core diameter 105µm, a cladding diameter of 125µm are
arranged in a pitch of 127µm. The large core diameter was chosen in order to
maximise the amount of light coupled into the �bres. The front of both �bre arrays
detecting the laser light can be seen in Figure 14. On the other end, each �bre
is terminated with a Ferrule Connector Physical Contact (FC/PC) connector for

exible connection of arbitrary read-out detectors.
To understand the signal propagation through the �bre array, the physical funda-
mentals of optical �bres are presented in Section 4.4 to 4.4.2 which follow [87, 88,
89, 53].

4.4.1. Description of Optical Fibre

An Optical �bre is a cylindrical waveguide made of a dielectric core material with
a higher refractive index than the cladding material on the outside. This can either
be a smooth gradient or a strict boundary called a step-index �bre. This boundary
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