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Abstract

Neutrinos are elementary particles that due to their small cross-section can retain their
original energy and direction over long distances. As such, they are useful messenger
particles, providing information on their sources of origin. They can only be detected
indirectly, e.g. with the use of water-Cherenkov detectors. Those neutrino detectors are
typically built with instrumentation strings placed on a triangular grid. Next-generation
detectors such as P-ONE or IceCube-Gen2 are planned as less ordered structures in
order to optimize the detection of different high-energy neutrino topologies. However, it
is not fully understood which detector geometries result in an optimal resolution of event
energies or event positions. This thesis aims to provide a toy simulation that facilitates
investigating the potential resolution of various detector configurations. Specifically,
we simulate detectors and cascade events in their vicinity and determine the photon
propagation from the events to the detection units. Then, the event energy and position
can be reconstructed to investigate the resolution of different detectors.
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1 Introduction

Neutrinos are a type of elementary particle in the Standard Model of physics. They
naturally appear in radioactive decays, thus originating from nuclear fusion processes
in the sun, but also from supernovae and their remnants, as well as from the Earth’s
atmosphere, triggered by highly energetic particle interactions (Vitagliano et al., 2020).
Additionally, neutrinos also emerged right after the Big Bang, resulting in low-energy
neutrinos permeating the cosmos and thus also named the Cosmic Neutrino Background
(CNB) (Scott, 2024; Dey, 2024). Since according to the Standard Model, neutrinos only
interact via the weak interaction, they travel through space mostly without interferences.
This means that the information neutrinos carry about their source of origin via their
energy and trajectory is mostly undisturbed. As such, they are a valuable asset in
the search to expand our knowledge of the universe. To be precise, their unchanged
trajectories, drawing a straight line between their point of origin and the Earth, make
them ideal particles for the search of neutrino sources with new physics.

However, due to them not carrying electromagnetic charge and generally their small
interaction probability, neutrino detection is only possible indirectly by detecting other
particles resulting from their interaction. One method makes use of transparent,
dielectric media, e.g., water or ice, to detect Cherenkov light produced by secondary
particles from neutrino interactions. Water-Cherenkov detectors are able to measure
the amount of Cherenkov light in large bodies of water and to reconstruct the energy
and direction of travel of the initial neutrino the interaction was caused by. Current
examples of such detectors include IceCube at the South Pole, which received an upgrade
recently (King-Klemperer, 2026), and KM3Net in the Mediterranean Sea, which is still
under construction but also already in use (KM3NeT Collaboration, 2025).

These current neutrino detectors have their limitations with their number and position of
detection modules already determined. Hence, the resolution of an existing detector can
only be improved by accumulating more statistics, an effect whose impact slows down
over time, or by adding more detection modules over the course of the detector’s lifetime.
Additionally, the shapes chosen for those detectors were based on triangular grids when
viewing the detection lines from above. Despite them being generally effective, they are
not optimal configurations for some highly-specific scenarios that became apparent only
after the current neutrino detectors were already built. These include the detection
of ultra-high-energy neutrinos. Thus, future detector or upgrades to present detectors
allow implementing geometries that further improve the resolution of certain detection
events with respect to their energy or direction of travel. While a good knowledge of the
energy is important to investigate diffuse fluxes and nearby sources, a good directional
resolution is significantly better for researching far-away point sources.

Before implementing such improved geometries, it is first necessary to investigate what
detector shapes might be optimal depending on what event types or event properties one
prefers to investigate further. This is imperative as even when constructing a completely
new detector with theoretically unlimited freedom of placement, one is still bound by
financial and technical limits. For instance, such a project can only finance a certain
number of Digital Optical Modules (DOMs) and their placement is constrained by how
they can be held in place, especially when the detector site is an ocean. Additionally,
all DOMs need some mean of transporting information, such as how many photons were
registered from which directions at any moment. This is realized by cables connecting



all DOMs within a string and transporting all information to a central unit on the
surface above the detector (for IceCube) (IceCube Collaboration, n.d.) or on the shore
(for KM3Net) (KM3NeT Collaboration, n.d.). Those cables themselves have weight and
a certain cost per meter of cable and thus cannot be used limitlessly either.

Hence, before constructing a full detector, one first needs to investigate different possible
detector geometries and weigh their benefits like improved resolution for event energies
or directions with their downsides such as the financial costs to then select a shape
balancing those factors well. Comparing the resolutions can be done by simulating
those detector geometries and various neutrino events and investigating how well those
events can be detected by the differently-shaped detectors. For this, one can try to
reconstruct the event properties from the number of photons detected at all of the
DOMs and examine how well they corresponds to the initially simulated ones.

This thesis presents a simulation of neutrino detection events and a reconstruction
of their properties, namely the energy and the starting position, for several manually
implemented detector configurations. As such, it provides a tool to compare several
detectors of different shapes with respect to their effective volume or resolution regarding
energy or position.

In the future, these methods could be developed further to compare many more
geometries or they could be adapted to be fully differentiable so that the detector shape
with the best angular resolution for determining the event direction can be found.

In the following Section 2, this thesis will first go over the theory of neutrinos, specifically
their properties, usual interactions, and sources. This is followed by detailing the relevant
neutrino detection methods and different observable types of events The theory chapter
then concludes by discussing common event reconstruction methods and present and
future detector experiments. Second, the methods we used for both my simulation and
my event reconstruction are detailed in Section 3. Thereafter comes a presentation of
how said methods are specifically implemented in the code in Section 4. Section 5 then
discusses the results of the event reconstruction. The thesis concludes in Section 6 with
remarks reiterating the results and discussing potential for future research.



2 Theory of Neutrinos and Their Detection

In the Standard Model of particle physics, there exist particles of spin %, which are called
fermions, and those of spin 1, which are called bosons. Fermions are divided into leptons
(€7, ™, 77, Ve, Vy, V7, and their corresponding anti-particles) and quarks (u,d,c, s,t,b,
and their corresponding anti-particles). Meanwhile, bosons include interaction particles
of the weak, electromagnetic, and strong force, i.e. the W+ and Z° bosons, the photon
v, and the gluon g, respectively.

2.1 Neutrino Properties

Within the Standard Model, where the gravitational force is excluded, leptons solely
interact via electromagnetic and weak interactions, though the former only applies to
the charged leptons e, u*, and 7% while neutrinos do not carry charge. Here, the
doublet (e~,v.) forms the first generation of leptons, while (™, v,) belongs to the

second, and (77, ;) constitutes the third generation.

Neutrinos, together with gamma rays, charged particles, and gravitational waves, are
important messengers that emerge from cosmic sources like black holes, supernovae, or
neutron stars and travel through space.

Neutrinos have a low cross-section, which means that they interact less often than
other particles. This leads to most neutrinos not being averted from their trajectory.
Hence, a lot of information, e.g., the direction of the corresponding neutrino source, can
be extracted once their direction of motion during the detection process on Earth is
reconstructed. This makes them a useful asset in the search of cosmic sources.

Beyond the Standard Model, neutrinos are barely affected by gravitational forces due to
their low mass. The exact masses of all three types of neutrinos are not known but it is
evident that they are massive. This is a result of the detected neutrino oscillation, where
the neutrino type may change between its site of origin and that of its detection (Bellini
et al., 2014). From this observation follows that the neutrino mass eigenstates and the
flavor eigenstates are not equivalent. The Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix parametrizes the mixing angles between neutrino flavor and mass eigenstates as
well as a charge-parity violating phase (Giganti et al., 2018). From experimental results,
we know that the three neutrino masses can be ordered in two possible hierarchies,
either the normal mass ordering or the inverted ordering (Salas et al., 2018).

2.2 Interactions

Neutrinos only couple via the weak interaction when solely considering the Standard
Model and thus neglecting gravitation. However, not every weak interaction includes
neutrinos. For the weak interaction, one has to distinguish between a charged current
and a neutral current interaction. The former couples to a W boson, exchanges charge,
and can change the flavor of a lepton or quark, while the latter couples to a Z° boson,
maintains the flavor and does not exchange charge. Since the masses of the W* and
the ZY bosons are by far the largest of all interaction bosons with My, = 80.4 GeV and

Mz = 91.2GeV (Navas et al., 2024), the propagator is proportional to W, SO very
W,z



small. Hence, the probability amplitude of the weak interaction amounts to
1 <My, 1
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which is the smallest of the three interactions in the Standard Model. Additionally,
the range of the weak interaction is proportional to lev’z and hence very small. This
means that neutrinos only interact seldom within their lifetime.

Several types of reactions caused by the weak interaction where neutrinos are part of
the resulting products are described in the following.

At low energies, the beta decay and the similar electron capture are the most prominent

ones. They are described by the following equations.
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At higher energies, deep-inelastic scattering becomes the dominating process with the
four different types of interaction shown in Figure 1. For charged current interactions,
a neutrino scatters with a nucleon, exchanging a W boson and resulting in a hadronic
jet and a highly energetic lepton of the same generation as the initial neutrino. A
resulting high-energy e* can then interact further, causing an electromagnetic shower.
Meanwhile, a resulting u* can travel up to several kilometers before decaying into a
hadronic shower given its lifetime of about 2 ps (Bailey et al., 1977). Therefore, it can
be measured on Earth after emerging in the atmosphere. Contrarily, a 7+ produced by
deep-inelastic scattering has such a short lifetime that it quickly decays into another
hadronic shower.

2.3 Neutrino Sources

Figure 2 provides an overview of neutrino sources and their according fluxes and energies
of outgoing neutrinos.

The highest flux of neutrinos, which coincidentally occurs at lowest energies, originates
from the CNB — neutrinos created shortly after the Big Bang and still present throughout
in the universe. The CNB is described further by Scott (2024), Dey (2024), and
Vitagliano et al. (2020). Due to the abundance of 87 decays in the nuclear fusion
processes of the Sun, where protons are converted into neutrons, it also produces a
plethora of electron neutrinos v.. Additionally, neutrinos are also produced by thermal
processes in the Sun. Meanwhile, neutrinos can also be produced in the Earth’s
atmosphere by deep-inelastic scattering of cosmic rays with atmospheric nuclei. These
interactions result in neutrinos and hadronic showers, as described in Section 2.2.
Further neutrinos then appear during the hadronic showers. The IceCube data in
Figure 2 refers to the detection of high-energy neutrinos of astrophysical origin, first
described in IceCube Collaboration (2013). The according neutrino sources can be
galactic or extra-galactic, though most are expected to be extra-galactic, including
star-forming galaxies, gamma-ray burst, active galactic nuclei, and galaxy clusters.
There, the neutrinos are produced by interactions of cosmic rays either in the source, in
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Figure 1: Types of Neutrino Interactions for Deep-Inelastic Scattering. Taken from
Schneider (2024). For the charged current interaction, a neutrino of any flavor can
interact with a nucleon by exchanging a W= boson, resulting in a hadronic jet and
a charged lepton of the same generation. This outgoing charged lepton then decays
into either an electromagnetic shower or another hadronic shower. Meanwhile, the
interaction for the neutral current is the same for all lepton generations. Here, a neutrino
scatters with a nucleon by exchanging a Z° boson, resulting in a hadronic jet and the
same neutrino that initiated the scattering process.

its vicinity or on the trajectory of those rays to Earth. Additionally, ultra-high-energy
neutrinos in the PeV to EeV range are associated with a ”cosmogenic neutrino flux”
and may originate from interactions of very high-energy cosmic rays.

2.4 Detection

Neutrinos can only be detected indirectly after triggering charged particles, which in
turn may pass through a medium with refraction index n with a speed larger than
the speed of light in the medium, so v > ¢, = 7. The charged particle then polarizes
and excites particles in its surrounding medium which are then de-excited again while
releasing photons into the medium. Normally, this process would result in the light
spreading spherically. But since the charged particle is traveling at such a high speed,
multiple instances of light wave fronts appear along the direction of travel of the particle
in close succession. These multiple consecutive sources, which appear with a speed
larger than the speed of light in the medium, the result in the individual light waves
overlap into a cone of Cherenkov light as shown in Figure 3. This Cherenkov light
can then be detected and its shape and trajectory can provide information about the
charged particle, namely its energy and direction of travel.

For this thesis, the focus lies on neutrino detection in large bodies of water, where
several types of neutrinos can interact with neutrons within HoO molecules into the
according lepton counterpart of the same lepton generation and a proton. Similarly,
antineutrinos can interact with HoO protons into the anti-lepton counterparts and
neutrons.

For the detection of the Cherenkov light, one typically uses photomultiplier tubes (PMTs).
Here, an incoming photon reaches a photocathode, where due to the photoelectric effect,
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Figure 2: Different Neutrino Sources Depending on Neutrino Flux and Energy. Taken
from Vitagliano et al. (2020). It shows the so-called Grand Unified Neutrino Spectrum
arriving at Earth for all flux directions and all neutrino flavors together. Sources emitting
only neutrinos are depicted with solid lines, while those producing solely antineutrinos
appear as dashed or dotted lines. The lines composed of both solid and dashed lines
are for sources of both neutrinos and antineutrinos.
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Figure 3: Cherenkov Light Cone of a Muon Track and a Cascade Event. Taken from
Katz and Spiering (2012). For the muon track on the left, the muon speed larger than
the speed of light in the medium results in a Cherenkov cone produced behind the muon.
For the cascade event on the right, the Cherenkov light propagates spherically.
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Figure 4: Hlustration of a Photomultiplier Tube. Taken from Hamamatsu Photonics
(n.d.). Light with a certain energy enters the vacuum tube on the left when arriving at
the photocathode. There, it excites electrons on the material, which emits photoelectrons
with an energy proportional to the energy of the incoming light. These electrons are
then accelerated and focused toward the electrode. Thereafter, they reach the first
dynode, where each incoming electron causes the emission of several secondary electrons.
Hence, the number of electrons after the first dynode is a multiple of the number of
electrons released by the photocathode. Then, the electrons pass several more dynodes,
each one multiplying the number of electrons. The anode then registered the electrons,
with the total charge proportional to the energy of the originally incoming light.

an electron with an energy proportional to the original photon’s energy is excited and
released into a vacuum tube permeated by an electric field. There, the electron is
accelerated towards a first dynode, which in turn releases multiple secondary electrons.
These then propagate towards the next dynode, for which the number of secondary
electrons is again a multiple of the number of primary electrons. After passing through
several dynodes, the total number of electrons is many times the amount of electrons
released by the photocathode. Lastly, an anode collects all electrons, their total charge
being proportional the energy of the originally detected photon.

In practice, several of those PMTs are set up on a single DOM so that they are all
focused on different directions. Many of those DOMs are connected on a single detection
line, and many of those are all set up vertically in a body of water or ice to together
form a whole detection array or detector.

2.5 Event Types

High-energy cosmic neutrinos predominantly interact via deep-inelastic scattering as
described in Section 2.2. There, for both a charged current and a neutral current
interaction, the neutrino scatters with a nucleon, which results in a shower of hadronic
particles and an outgoing neutrino or charged lepton. Both an outgoing e* and 7+ then
quickly decay further into a secondary shower of electromagnetic or hadronic particles,
respectively. Hence, when a cosmic neutrino interacts in water at a detection site, those
particle showers are detected as many photons propagating radially outwards from the
position of initial neutrino interaction. An example of such a cascade event detection is
depicted in Figure 5a.

For the deep-inelastic scattering of v, specifically, the outgoing put can pass distances
up to several kilometers before also decaying into a hadronic shower. As such, a muon
registered by a neutrino telescope on Earth can emerge in the water as a result of such
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(a) Cascade Event that Deposited 1041 TeV (b) Muon Track Event that Deposited 71 TeV
in the Detector. in the Detector.

Figure 5: Examples of Neutrino Events as Measured in the IceCube Neutrino Detector.
Taken from IceCube Collaboration (2013). Figure 5a depicts a cascade event, while
Figure 5b shows an exemplary muon track event. For each, the three smaller figures at
the top are a top-down and two side views, corresponding to projections to the x-, y-,
and z-axes of the detector. The larger figures at the bottom constitute three-dimensional
displays. Each sphere correspond to one DOM involved in the event detection, with the
size correlating to the amount of photons measured by the module. The sphere colors
encode the photon arrival time after the event emergence, ranging from 0ps for dark
red to 4 ps for cyan.

an interaction of a cosmic neutrino. Alternatively, the muon can also originate from the
atmosphere and hence be produced by an atmospheric neutrino. Tracks of high-energy
muons are registered when they pass through the detector and continuously shed parts
of their energy during their trajectory. Whenever a part of the energy is deposited, a
small cascade of secondary particles is produced and through these, the whole muon
trajectory can be tracked. It is not a given that the the muon is produced within the
detector or fully decays within it. On the contrary, many muon tracks emerge before
entering the detection volume and continue far beyond that, with only a fraction of the
full muon energy being deposited in the detector. Figure 5b shows an exemplary muon
track detection.

For the simulation presented in this thesis, we a priori distinguish between cascade and
muon track topologies as they are fundamentally different events in the investigated
energy range.
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2.6 Current and Future Experiments

A type of high-energy neutrino telescope that uses water as the detection medium are
water-Cherenkov neutrino telescopes.

One of those is IceCube, is a cubic-kilometer neutrino detector situated at the South
Pole within the Antarctic ice sheet. It includes a section of higher string density in
its center called DeepCore that extends its sensitivity to lower-energy neutrinos. An
upgrade that extended the number of strings was finished this year (King-Klemperer,
2026). A full extension towards IceCube-Gen2 is planned for the future (IceCube-Gen2
Collaboration, 2023). The general IceCube setup is presented in Figure 6. KM3NeT
is another example under construction in the Mediterranean sea. It consists of two
detector parts, ARCA for high-energy neutrino detection, and ORCA with a higher
sensor and string density for measuring low-energy neutrinos. While ARCA is situated
off the coast of Sicily, ORCA is constructed near the French coast. Figure 7 shows the
setup of the KM3NeT detector. The Pacific Ocean Neutrino Experiment (P-ONE) is
another water Cherenkov neutrino detector for deployment in the Pacific off the coast of
Canada. The first detection string has already been constructed, but not yet deployed.
A potential detector setup is depicted in Figure 8.

This thesis investigates the effect of a detector configuration on its resolution and
effective detection volume. In the future, the simulation and reconstruction code could
even be translated into a fully-differentiable algorithm for automated optimization of
some geometries with respect to their resolution. As such, this thesis may contribute to
the finalization of future detectors configurations, e.g., P-ONE or IceCube-Gen2.

11
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Figure 6: Setup of the IceCube Neutrino Detector. Taken from IceCube Collaboration
(n.d.). The detector is situated at the South Pole. It is embedded in the Antarctic ice
and encompasses many DOMs aligned vertically over a distance of 1km on strings.

(a) Top View of the Complete KM3NeT
Setup.

(b) Side View of One Detector Part.

Figure 7: Setup of the KM3NeT Neutrino Detector. Taken from KM3NeT Collaboration
(n.d.). Figure 7a shows the top-down view of strings of the ARCA and the ORCA
detector that together constitute the KM3NeT detector. Figure 7b shows the detection
strings for one detector part, attached to the ocean floor and containing multiple DOMs
each.
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Figure 8: Planned Setup of the P-ONE Neutrino Detector. Taken from P-ONE
Collaboration (2019). The strings with their DOMs are attached to the ocean floor and
grouped into multiple partial detectors.
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3 Methods

This sections presents the methods used for the event simulation and reconstruction for
both the energy and the position of cascade events. An outlook on muon track events
then concludes the chapter.

3.1 Simulation

To be able to quantify the correctness of the event energies determined by the detector,
several events are simulated, and their energies are reconstructed and then compared to
the original energies used for the simulation. Specifically, this is done as follows.

3.1.1 Basic Simulation Setup

At first, the detector modules are set up on several lines aligned vertically. For this
simple reconstruction, we start with a cubic lattice detector where the total array
lengths in the x- and y-direction are identical to the line length of 1km. Later on, other
shapes are considered as well and are the compared to the cubic detector. Figure 9
shows the setup of such a cubic detector with several DOMs on a detection string and
those strings then aligned in the z-direction.

Then, cascade events are initialized with random energies sampled uniformly in the
logarithm within [10? GeV; 10° GeV], drawing from [2; 6] and using the result as the
power of 10. The positions are also random, with each position dimension sampled
uniformly within the corresponding detector side length plus an additional border of
10% of each side length at both ends For the 1km?® detector, this means the volume
containing both the detector and the border has a length, width, and height of 1.1 km,
encompassing a cubic volume of 1.33km?>. At those event positions, a neutrino of any
type decays and results in a particle shower, also called a cascade, and photons being
expelled radially outwards. This is an approximation of those cascade events measured
in actual water-Cherenkov detectors. There, a true particle shower is subjected to a
certain boost depending on the initial energy, leading to an asymmetrical photon spread.
The simulated photons are then detected by PMTs on the DOMs. For a simplified
simulation, we omit simulating optical properties of the PMTs like the detection
efficiency or a limited detection angle less than the full solid angle, and instead, all
DOMs are implemented to detect all photons that reach them. Still, a trigger threshold
is implemented so that not all simulated events are detected. This threshold is currently
set at > 5 photons detected from one event by the complete detector

From this photon yield for all DOMs in the detector we can draw several samples from
a Poisson distribution. This can be realized because the implemented photon yield
corresponds to the expected mean photon yield at actual neutrino telescopes. Drawing
several Poisson-distributed samples allows us to measure the same event multiple times
with slightly different photon measurements due to statistics.

The measured number of detected photons at each DOM depends on the energy of
the event, its distance to the module, and theoretically also the optical properties of
the module, although the latter is not simulated here. The goal is then to reconstruct
the energy and the position of the initial cascade event from the number of photons
measured at all DOMs within the detector.

15



Figure 9: Setup of the Basic Neutrino Detector Used in Our Simulation. It consists of
10 by 10 strings on a square grid. Each string contains 60 DOMs and has a length of
1km. The square surface area of the detector encompasses 1km?, leading to a cubic
detector spanning a volume of 1km?.

Unless otherwise noted, the experiments are all undertaken with the cubic detector
as depicted in Figure 9 with events initialized within the detector volume and the
surrounding border volume.

Alternatively, we can also initialize all events in fixed volume significantly larger than
the detector volume instead. The effective detection volume Vi can then be determined
from

Ndetected
V:aff = V:events N (1)
N; initialized

where Veyents 18 the volume spanned by the events. Ngetected 18 the number of detected
events, so all those passing the trigger threshold of > 5 photons detected when summing
over all DOMs. And Niitialized 18 the number of events initialized by the simulation.
Equation 1 can be calculated as a total effective volume or for individual energy values
so that an energy-dependent effective volume can be studied. In the future, this effective
volume could even be determined for binned energies so that our results for discrete
energy values could be confirmed for an extension to continuous inputs.

3.1.2 Photon Yield

The amount of photons that are released by a cascade event and measured at a single
DOM is provided by the photon yield function for a point source presented in Aartsen
et al. (2014), which amounts to

1 = 1
A
plr) = mo 471'6 ’ Aer tanh ()\L)’

c

(2)
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where

Ae
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Ao = 24,
Ag = 98,

noA = 63894457.33843762.

Here, A, is the absorption length, ). the effective scattering length, and A, the charac-
teristic propagation length, which depends on the former two lengths. The value for
noA is the result of a curve fit realized by Mayer (2025).

It should be noted that this simulation does not include that in reality, PMTs have a
different sensitivity for different wavelengths of light. Instead, the amount of measured
photons presented here results from a weighted average of the wavelength sensitivity
curve times the number of photons arriving at a DOM from the Cherenkov light cone.
Since the data was fitted by Mayer (2025) specifically for an energy of 300 TeV and
thus, for the energy-dependent photon number, Equation 2 needs to be re-normalized
to the energy currently under consideration. This results in

E [GeV] 15 1 E [GeV]
3-10°GeV 7 4r Agrtanh () 3-10°GeV'

p(r, E) = p(r) - (3)

Figure 10 depicts a graphical illustration of the amount of photons released by an event
over the distance to this event as presented in Equation 2, corresponding to the photon
number detectable by a DOM depending on its position relative to the event position.

3.2 Reconstruction

This section discusses methods of reconstructing general event properties and estimation
the reconstruction uncertainty. Then, we focus on the specific application on both
energy and position reconstruction of cascade events

3.2.1 Reconstructing Event Properties

For a parameter reconstruction, the simplified photon propagation model receives both
event energies and event positions as input and oen parameter is then reconstructed
while the other is fixed at the known value. This reconstruction is done using the
so-called maximum likelihood principle which states that the best estimate 0 of a
parameter 6 is that which maximizes the joint probability

L=]lri=11rxi0)
% =1

with respect to the given data X;. The sum over n corresponds to a sum over photon
numbers measured at individual DOMs. Here, L; are also called likelihood functions
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Figure 10: Measured Photon Yield of a Cascade Event Depending on the Distance to
the Event Position. This is an illustration of Equation 3 for an energy of E = 5-10° GeV.
Initially, the photon yield decrease linearly in a double-logarithmic plot. After a distance
of approximately 50 m from the event, the slope increases consecutively.

and refer to different detector modules, while L denotes the total likelihood function for
one event sample.

Additionally, in our case here, the individual probability distributions f are all Poisson
distributions

X = BN = e
Li= (X = k) = Zre ™ @

where A is the expectation value of event numbers, and k; is the measured number of
events.

Hence, in this case the likelihood is calculated using

n n n )\kL
L=[[Li=]Tr&x =8N =]]{7¢ (5)
i i=1 =1

where the expectation \ refers to the true photon yield u(r, E) resulting from Equation 3
and k; corresponds to a measurement sample of said photon yield at a single DOM,
while the sum over 4 from [1;7] is a sum over all DOMs.

This means the best estimate for the energy can be found at the maximum of the
likelihood curve that is calculated from a product of the probability distributions for
all individual DOMs. Numerically, it is preferred to calculate In L instead of solely the
likelihood function L by itself. This causes the results to be more numerically stable.
Additionally, many algorithms are optimized for minimization operations instead of
maximizing. Hence, we then minimize — In L to receive estimates for event energies.

When calculating this negative logarithm of the total likelihood function, Equation 5
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turns into

arriving at

- Z —InL;) (6)
- Z ( kiln (pu(r, E)) + In(k;!) +u(hE)>-

3.2.2 Uncertainty Estimation

In addition to estimating the energy, we are also interested in a measurement for the
estimation uncertainty o.
One method uses that the 1o interval is given by the distance between the parameter

points 1 o for which

1
—1In L(ﬁl’g) = —1In L(’ﬁmm) + 5

holds. This is an adaptation of the original equation presented in Lista (2023) where
the uncertainty interval is determined by the points 01 2 solving

—ZIHL(QLQ) = —2In Lyax + 1.

In other words, the length of a horizontal line at % above the likelihood curve minimum
that connects both sides of the parabola-like logarithmic curve corresponds to the
interval between (Ui, — 10, Ymin + 1o]. An illustration for this method applied to the
energy reconstruction is depicted in Figure 11.

An alternative measurement for the uncertainty estimation is given by the Fisher
Information since according to the Cramér-Rao bound (Cramér, 1946), the uncertainty
is limited by the Fisher Information of the likelihood function L via

o2

(7)

< -
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Figure 11: Illustration of the Log-Likelihood Minimization Process as Described in
Section 3.2.2. It depicts the log-likelihood curve of a single cascade event over the
energy. The curve minimum corresponds to the reconstructed energy value. The
displayed minimum lies at —% because we subtract first the curve minimum and then
this additional value of —% from the log-likelihood. As a result, the width between both
roots of the curve constitutes the 1o uncertainty interval. We expect this interval to
contain the true energy value as initialized in the simulation approximately 68% of the
time.
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In general, the Fisher Information matrix element F;; for a function f depending on a
dataset X,, and the parameters ¥; and 9; is calculated as

(aam lnf(Xn\zS‘i)> : <83j lnf(anﬁj)>] ; (8)

where E denotes the expectation value and 0 is the partial derivative.

However, when there is only a single parameter we want to optimize, we arrive at the
special case i = j = 1 so that the single matrix element Fi; represents the whole Fisher
Information result

Fij =E

F= E[(%lnf(xnw)Y], (9)

When it is known that the underlying probability distributions that comprise the
likelihood function are all Poisson distributions f(X = k|\) according to Equation 4,
the Fisher Information can be simplified to

FiO0@) = E:(éi?nf“*“)‘(élh“““AO]
- E (;Amf(xzm);” : (;Alnf(szlk)i,D]

V&) 29N O\

0\ A
99; 99,

> 2

>

(kIn(\) — In(k!) — A))
o )N
) ] ba

_EQONV| L 0x ox
y a0, 0,

I
&=

E(X)=A E

>l > Q

k=Y, ki=Y; X=X

ve=a A 9N OA

so that
1 oX O\

N o9, 00,
In the case of a single parameter ¥; = 9; = 9 to be optimized, Equation 10 is transformed
into

Fij = (10)

2
fuwnzi-CQ). an
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3.2.3 Application to Energy Reconstruction

When applying the calculation of the negative log-likelihood to the energy reconstruction,
we can insert Equation 6 into Equation 9 with the single investigated parameter being
the energy, so ¥ = F, and the function we calculate the Fisher Information for is — In L.
It should be noted that in general, it is irrelevant whether we insert In L or —In L into
the equations as the minus sign then appears twice and they cancel each other out.
Additionally, we can then take advantage of the fact that the photon yield of Equation 3
as it appears in the likelihood function only depends linearly on the energy, so

Ou(r,E) _ p(r.E)

oF E
Using all this information, we can determine the Fisher Information for the energy
reconstruction in its general form thusly.

[ /dInL\?2
Foo= E(dE>

diE 3 < ~kiIn (u(r, B)) + In(kid) + u(r, E)>>2

—1

~

d 2
—d—Ek:l-ln( w(r, E)) + dE” )

(

.2 (‘ u(iim ' aﬂé%E) aﬂ i )) ]
( )]
(

k; wu(r, E) wu(r, E
u(r,E) E

I
=
e N S

hence

F=E

<§<—g+u(2@>>1, (12)

Additionally, the simplified calculation as established in Equation 11 can be applied
to the energy reconstruction in a similar manner by inserting into said equation the
correspondence A = u(r, F) and using the relevant parameter 9 = E. Furthermore, we
will once again make use of the linearity of u(r, E') with respect to E. This results in

s L (Ou(rB)\? R 1 B)? (13)
p(r, E) OE pu(r, E) E )

3.2.4 Comparison of Different Detector Configurations

The energy reconstruction and specifically the corresponding uncertainties can be
compared for different grid shapes and string densities.
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Figure 12: Surface Area Comparison of Three Detectors with Square Surfaces. All three
consist of 10 x 10 strings ordered in a square grid. The largest configuration has a side
length of 2000 m, the medium one one of 1000 m, while the smallest one is constrained
to a length of 500 m. The height of 1000 m is equivalent for all three detectors. In any
simulation run, only one of these detectors is initialized at once with the coordinate
system center coinciding with the detector center.

For one, we can compare three detectors containing 10 x 10 strings each. One detector is
spread out over an area of 1000 m x 1000 m, and the others over areas of 500 m x 500 m
and 2000 m x 2000 m respectively. This means that when comparing one detector to the
next-largest one, the string distance in both z- and y-direction doubles. A surface area
comparison is depicted in Figure 12, while the three-dimensional view can be found in
Figure 23.

For another, we can also compare the base square kilometer detector of 10 x 10 strings
with ones with the same total number of strings and the same surface area, but aligned
in different ratios, one being 2 x 50 string on 200 m x 5000 m and one 5 x 20 strings
on 500 m x 2000 m. Those three setups are shown in Figure 13 for a depiction of their
surfaces and in Figure 24 for their three-dimensional models.

Those two comparisons allow us to draw conclusions on the effects of varying the
string density while keeping the same square detector shape or conversely, changing the
detector surface shape while the string density is being kept constant.

3.2.5 Application to Position Reconstruction

For the position reconstruction, the general way of reconstructing is the same as
for the energy. Nevertheless, differences are apparent, with the most notable being
that three variables for the three different space coordinates need to be reconstructed
simultaneously while the true event energy is assumed to be known. This thesis does
not include a reconstruction of both the energy and the position of an event at once.
The Fisher Information for the position reconstruction hence becomes a matrix M |3 x 3]
according to Equation 8 with matrix element consisting of the partial derivatives of the
logarithmic likelihood curve with respect to variable ¢ and j.
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Figure 13: Surface Area Comparison of Three Rectangular Detectors of Different Side
Length Ratios. To keep the string distance the same, the 100 strings in total were placed
in the same aspect ratio as the detector side lengths. On the right, 10 x 10 strings
cover an area of 1000m x 1000 m. The configuration in the middle consists of 5 x 20
strings in an area of 500 m x 2000 m, effectively doubling one side and halving the other
compared to the square detector. The setup on the left is equipped with 2 x 50 strings
covering 200m x 5000 m. Due to a mistake in the initialization of the module positions,

the string distances are not equivalent for all three detectors, with the longest detector
clearly displaying a larger distance in one dimension compared to the other dimension.
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First, the derivative of the negative log-likehood amount to

aii(—lnL) 88 nf:l < ko In (u(r, B)) + In(ky!) + u(r, E)>
X" )
B aﬂc‘g;E) : < )
so that
81(—111 L) = 8u€()7;iE) nil (u(_rfgnE) . 1>, "

with the derivative of the photon yield with respect to a space coordinate denoted by

ou(r,E) 1 Ti — T3,DOM

1
oz, — M E) (Ap T T X tanh(£ WOShQ(Q) ' v

The calculation of Equation 15 can be found in Section A.2.
Inserting Equation 14 and Equation 15 into Equation 8 yields

Esz_<£i lnL> : ((;ZjlnL)
| ("5 S G ) (U5

N 2 9 2
> ( E+1>] el '<A++ 2(r )
= \u(r, E) r p T Actanh()cosh™()

. (xz - wz‘,DOM) (xj - %}DOM) )

:E[

hence

_ al —kn 2#(7" E)2 1 1 ! 2
Fij = EHZ (u(r, E) * 1>] 2 Ao T )‘ tanh(5) cosh® (1)

c AC

- (zi — zi;pom) (zj — zj,pom) |- (16)

Similarly, Equation 10 can also be adapted for the position reconstruction. Inserting
p(r, E) from Equation 3 as X and x; ; = ¥; j as well as Equation 15 for the derivative of
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the photon yield with respect to one dimension of the event position, we arrive at

1 ou(r,E) Ou(r E)

Fyj =
’ IU,(T', E) axz 856]‘
: ! 1 1 Zi — Zi,DOM
= ’ - ?E : + - + ]
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B , B + -+ J 7,
( ) <)‘ Ac tanh()\c)cosh2(/\”c)> r )
2
p(r,E) (11 1
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so that
(rE) (1 1 1 2
p(r,
Fij = Ao I 17
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After that, the optimization can be realized exactly as for the energy. For the uncertainty
calculation via the Cramér-Rao bound, it is important to note that the uncertainty o is
now also a matrix of the same shape as the Fisher Information. So each entry of the
o matrix is calculated from the corresponding entry of the Fisher Information matrix
according to Equation 7. The complete uncertainty o then results from the diagonal
entries of this matrix and amounts to

1

3 2
2
Otot = E 75
=1

3.3 Outlook to Muon Track Events

This section presents the implementation of the muon track event simulation and the
basic energy reconstruction. Then follows a brief discussion on how further reconstruction
aspects might be implemented in the future.

For the muon tracks, the simulation configuration is similar, with events initialized
with random energies and positions. One difference is that now, in addition to the
initial positions, we also need to implement the track direction. This is done by drawing
spherical coordinates 6 uniformly from [0; 7] and ¢ uniformly from [0; 27]. The resulting
position after a conversion into cartesian coordinates denotes the event direction.
Another difference between the cascade and the muon track events lies in the way the
photon yield arriving at the individual DOMs is implemented. For this, the muon track
needs to be determined as a trajectory based on the initial position where the muon
first appears and extending in the initialized direction of travel.

The photon yield depending on the event energy and the distance of the DOMs to
the closest point of the muon track as provided by Aartsen et al. (2014), Réadel and
Wiebusch (2012), and Abbasi et al. (2010) amounts to

1 _ﬁ 1

o 7
2rsin(fe) (/X7 tanh(, /5-)
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Figure 14: Measured Photon Yield of a Muon Track Event Depending on the Distance
to the Track. This is an illustration of Equation 18 for an energy of E = 103 GeV. The
photon yield first decreases linearly in a double-logarithmic plot. After about 30 m
from the muon track, the slope increases continuously.
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It utilizes the Frank-Tamm formula as found in Lin and Scheihing-Hitschfeld (2026),
originally formulated by Tamm and Frank (1967).

Figure 14 shows the photon yield resulting from this equation as a function of the
distance to the muon track.

The energy reconstruction can be realized equivalently to that for cascade events. We can
again determine the likeliest energy value as the one minimizing — In L. This similarity
should also hold for the various means of calculating the uncertainty estimation of the
energy reconstruction, though this is not implemented in the current simulation.

For muon tracks, the position reconstruction is also not implemented. It is more
complicated compared to the cascade events, especially since here, the initial position of
the event might lie far outside the detector and hence not be discernible. Instead, the
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linear trajectory of the event is a more complete event description than where on this
track the event was initialized as the latter does not include the event direction. This
means that for an actual reconstruction, it is more interesting to reconstruct the track
through the detector, which could be done for instance by converting positions into
spherical coordinates and then setting the initial position of the event to a certain radial
distance r from the center of the detector, which might coincide with the coordinate
center. Then to reconstruct the track, only the two angles # and ¢ as well as a closest
distance between the track and the detector center need to be reconstructed.
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4 Implementation

This section describes the details of the implementation for both the simulation and
the reconstruction code.

4.1 Simulation

First, the implementation of the simulation of the detector and the events is presented.

4.1.1 Detector Geometry Setup

The simulation begins by initializing a detector consisting of xnum-, ynum-, and znum-
many detection units in z-, y-, and z-direction, respectively. There, the DOMs are
spread out over a distance |x_max — x_min| and analogously for the y- and z-direction.
For our specific implementation, the values are chosen such that the point (0,0,0) is at
the center of the detector, meaning that e.g. x_min and x_max are centered around 0
and likewise for the two other dimensions. Additionally, all three dimensions being set
individually regarding the detector length and the number of DOMs facilitates arbitrary
detector geometries.

To translate the input parameters into a usable array of DOMs, at first three arrays of
the points in z-, y-, and 2-direction are created by linearly arranging e.g. xnum-many
points within the distance between x_min and x_max. Then these arrays are nested
into one using for-loops; each array element containing the string number, the DOM
number, and the z-, y-, and z-position.

4.1.2 Event Initialization

For the events, we can — as it was done for some experiments in this thesis as well —
initialize them in a volume slightly larger than the detector itself, for instance with a
border of 5% of a detector length on all 6 sides, which corresponds to a length for e.g. x
of 1.1+ |x_max — x_min|. The three dimensions of the event positions are then all drawn
uniformly between their minimal and maximal possible values.

Alternatively, we can also initialize events in a fixed event volume significantly larger
than the detector. This method has the advantage of being able to more easily compare
for example an effective volume. Here, one sets a cuboid volume centered on the detector
center, with side lengths greatly exceeding the expected detector size. Then all three
components of the position are each drawn uniformly from their respective event volume
length.

In addition to the position, the events also need to be initialized with a certain energy
deposited at its position. There, usually the decimal power is drawn uniformly from the
interval [2; 6] so that the energies are spread logarithmically within [102 GeV; 10° GeV].
But apart from that, the energies of all events can also be assigned specific values from
the start by initializing them in an array.

4.1.3 Geometry Calculations

To calculate the effective detection volume as described by Equation 1, we first need to
determine both the detector volume and the volume spanned by the events.
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The detector volume is generally easy to calculate with a cuboid-shaped initialization
such as described above. Still, to keep this part of the code as general as possible, the
volume is determined using the volume of the convex hull spanned by all detection
modules. A convex hull is the shape created by connecting all outermost points of a
body with lines and can thus be used as a universal method to calculate the outer hull
of any collection of points in a three-dimensional space.

The actual volume of events can be calculated similarly, using again the convex hull to
infer the shape spanned by all event points. But since we investigate how a detector’s
effective volume might change depending on the energy of events, the event volume is
to be determined individually per each event energy. This can be realized by initializing
several energies and for each energy, placing many events at different positions within
the initialized event volume. This means that the effective volume will only be calculated
for the specific predetermined energies instead of for all possible energies that might
also be randomly drawn from the interval described above. In the future, a broader
implementation might hence be interesting, where the event energies are binned and
the effective volume is calculated for each bin. The method for calculating an effective
volume is presented in Equation 1.

Apart from knowing the event and DOM positions and their volumes, it might also be
interesting to directly compare values for the z-, y-, and z-lengths of different detectors,
their distances between strings and between DOMs within a single string, as well as the
surface area. Hence, these are all printed in an output file created individually for each
detector geometry. It should be noted that for the surface area, currently a rectangular
area is assumed as all heretofore simulations were run for cuboid detectors only.

4.1.4 Measurement Samples

For the actual measurements of photon numbers arriving at the DOMs, the so-called
photon yield needs to be calculated for each DOM using the DOM positions and the
energies and positions of events. For this, we use Equation 3 for cascade events and
Equation 18 for muon track events. With the use of arrays, the photon yield for all
events at all DOMSs can be quickly determined once the distances between DOMs and
events are known. The distances can be determined as the norm of the difference
between a DOM position and the event position.

To increase statistics and imitate the measurement of several events with similar
initial positions and energies, we then randomly draw several samples of the previously
determined true photon yield, which is taken as the expectation, from a Poisson
distribution. When the inputs are compared to the parameters in Equation 4, the
expectation amounts to the calculated true photon yield, so A\ = u(r, E), and the
sampled photon numbers drawn are denoted by k.

4.1.5 Event Acceptance

In the following, a detection threshold for events is applied to the Poisson-distributed
samples so that only those events are accepted for which a certain minimal number of
photons are measured in all DOMs in total. This filters out events outside a proper
detection range. To be precise, the events with sampled measurements at least as large
as a predetermined event_acceptance_threshold = 5 are masked, for instance their
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photon yields, the energies or the event positions. All events below this threshold have
their corresponding sampled photon yield array entries ignored.

The effective volume can then be calculated using the detected number of events, which
can in turn be derived with the help of the above-mentioned mask.

In the future, one could extent this acceptance threshold so that events also need to
be detected in a certain number of DOMs or even a certain number of strings, which
would ensure that only events with a considerable visibility remain.

4.2 Reconstruction

Now the implementation of the reconstruction methods are examined in detail.

4.2.1 Likelihood Minimization

For minimizing a likelihood curve, it is first necessary to implement a functioning
likelihood calculation. The likelihood follows Equation 5, where a singular likelihood
function L;, so for one DOM, is dependent on the calculated true photon yield u(r, E) = A
and the randomly drawn photon measurement k;. As we are actually interested in the
negative logarithm of the total likelihood — In L, this equation turns into Equation 6,
which depends on the same parameters as the aforementioned likelihood functions L;
per DOM.

The following likelihood minimization has the goal of determining the best fit value for
either the event energy E or the distance r between the event and the DOM positions.
To attain this goal, the main steps are

1. Implementing the formula for Equation 6
2. Creating a grid of possible values for the parameter we want to optimize
3. Wrapping the log-likelihood function so that it only depends on said parameter

4. Inserting the grid into the wrapper function to receive a result for the log-likelihood
scan of each possible parameter value. As the likelihood, and by extension also
its logarithm, is a measure of how likely a result is, the grid value with the largest
likelihood — and thus smallest negative log-likelihood — is expected to be the one
closest to the true parameter value.

5. Minimizing the spline fit of the function instead of merely looking for the smallest
point in a grid to determine the true minimal value

All of these steps will be discussed in detail in the following.

Since the energy reconstruction encompasses the optimization of a single parameter, it
is easier than the simultaneous reconstruction of the three-dimensional event position.
Hence, the former was implemented first and will consequently also be explained first
in this section.

To determine u(r, E) as it appears in the log-likelihood function, we first needs to
calculate the distances r between the initialized event positions and the DOMs. Then,
the photon yield mu_return can be calculated from this distance and the energy input
parameter of the log-likelihood function. Due to not every DOM detecting photons for
every event, various entries of the resulting array will be 0, and because of numerical
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errors, some might even be negative. To account for the logarithm of those entries
not being defined, even though its calculation is needed for Equation 6, entries with
values < 0 are set to a small but positive value of 10719 with its logarithm being a
large negative value as Inx — —oo for z — 40 . Then the individual —In L; can be
determined with the use of the aforementioned equation, where the logarithm In(k;!) of
the measured photon number is calculated via the equivalent gamma function I'(k; + 1)
of the sampled photon measurement values with the addition of 1 each. Afterwards,
the L; for all DOMs can be summed up to receive a total —In L for each measurement
sample of one event.

A wrapping function is then created which depends only on the energy E and returns the
previously described calculation of the total negative log-likelihood. This is viable since
all other parameter inputs of said log-likelihood are values that, at least at this point of
the, are already fixed and can thus be treated like constants within this wrapper. Next
up, a grid of some possible energy values within the investigated range of [10? GeV;
10° GeV] is established with gridsize-many points spread logarithmically between
those edge values. Those points are then expanded to the necessary array shape by
filling the added dimension with those same values.

Then, a so-called likelihood scan is realized by iteratively calculating the log-likelihood
for each point in the energy grid while the event positions are the ones we initialized
and hence we assume them to be known. This likelihood scan serves as one of several
inputs for a larger function that reconstructs the most likely energy value and calculates
the +10 interval as explained in Section 3.2.2. For each event and there, for each
measurement sample, we inspect the minimal value of the likelihood scan array and
takes the corresponding energy grid entry as an initial guess for the minimal energy,
also called x_min_guess. To find the optimal parameter value and corresponding
function value where the negative log-likelihood is minimal, we first have to define
the function we want to minimize. Here, this is the wrapping function that creates a
log-likelihood function calculation depending only on the energy. This function is then
optimized with regard to the energy using the L-BFGS-B algorithm, an extension of
the Broyder-Fletcher-Goldfarb-Shanno algorithm (BFGS) (Fletcher, 1987) adapted for
limited memory ("L-" prefix) extended for bound constraints (”-B” suffix) (Byrd et al.,
1995).

One noteworthy detail of this optimization is that the function input is actually 10/°810(#)
with the guess also translated to log;o(x_min_guess). This is done for improved
numerical stability. The resulting optimization output is the estimated parameter value
x_opt where the function is minimal and a corresponding function value f_opt for
this minimal point. Due to the nature of the adjusted function input, x_opt is not
the actual value where the negative log-likelihood Equation 6 is minimal, as that is
x_min = 10%-°Pt instead. Still, the function value itself remains the same, hence
f_min =f_opt.

Then, to determine the +1¢ interval, a second function is defined using another wrapping
function which is the same as the previous one except for shifting the negative log-
likelihood downwards by its function minimum and a factor of 0.5, resulting in —In L —
Ymin — 0.5, so that the roots are exactly the points x,,;, £ lo around the parameter
value of the function minimum as described in Section 3.2.2. We can then determine
the roots of this shifted function with the help of Brent’s root-finding method (Brent,
1973) which needs to be provided with an interval that contains the wanted root. As
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the minimum of the shifted function is certainly below 0 by design, its parameter value
x_min is taken as the right end of the bracketing interval for the left root and as the
left end of the interval for the right root. The left end of the interval for the left root
is simply the first array element of the energy grid, and similarly, the right end of the
interval for the right root is the last entry of the energy grid array. The 1o width is then
half the distance between the left and right root. When the event energy is sufficiently
close to the minimally or maximally possible energy of the interval [102 GeV; 106 GeV],
there might not exist a left or right root of the shifted log-likelihood curve within the
observed interval. To keep the calculation from failing in these edge cases, the according
left or right root is set to an invalid value whenever the shifted function of either the
very first or the last energy grid value is negative. This does not affect any resulting
calculations other than that in this instance, the calculated 1o width is then also an
invalid value.

For the position reconstruction, the log-likelihood minimization and hence finding the
optimal position works similarly. Still, some differences are apparent as now, three
parameters for the three dimensions of the event position are optimized simultaneously.
First, the initial calculation of the sum of individual negative log-likelihoods according
to Equation 6 remains the same as described for the energy. But then the wrapping
function needs to make the log-likelihood solely dependent on the event positions.
Additionally, the position grid needs to be created differently as well. Here, the current
implementation allows for two options. One is that the events are all initialized within
a fixed volume that is the detector volume with an additional 5% side length border on
all sides. The other allows for a larger event initialization volume significantly larger
than the detector. For the first version, the possible z-positions are determined as
gridsize_x-many points spread linearly within the distance |1.1-x_max — 1.1 - x_min]|.
The positions in the y- and z-direction are created analogously. The second method
creates the same points instead within symmetrical distance, with for instance the
points in the z-dimension spread linearly between -x_event_pos and +x_event_pos,
corresponding to the minimal and maximal extension of the event volume. The other
dimension are again implemented analogously. With both methods, for each of the
three dimensions, the number of points can be chosen individually, which might be
useful for detectors with different detection module densities in the three dimensions.
From those three one-dimensional arrays, we then want to create a grid of points that
does not merely create one point from the first entry of of all three arrays etc., but instead
we want a grid where for every entry in the first grid, we then iterate over every entry
in the second and within that, also over every entry in the third grid so that for a single
z- and y-coordinate, we can still find combinations with the whole array of different -
coordinates that together are then a single string. To realize this goal, we first create three
three-dimensional arrays of shape (gridsize_x, gridsize_y, gridsize_z) named
x_grid, y_grid, and z_grid where each one contains all values of the corresponding
one-dimensional array with the values in x_grid ordered along the 0-axis and each
value repeated along the first and second one. Similarly, the y_grid values are ordered
along the first axis and repeated along the others, while z_grid has its values aligned
along the second axis. This means that we have three grids with the same shapes but
different values that are repeated at different intervals, with , e.g., every value of x_grid
appearing gridsize_y - gridsize_z-many times.

Then, the full grid of possible positions is built by first flattening all three of those grid
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arrays so that what remains are three one-dimensional arrays containing the values
of the linearly spread points of the x-, y-, and z-dimension, respectively, each with
a different permutation of repeated sequences. Afterwards, we column-stack these
flattened version of the grid arrays, which means that we iteratively go through all three
flattened arrays and each time take the i-th entry of all three arrays, combining them
into a new array element [z;, y;, z;]. This resulting grid of event positions then has the
shape (gridsize_x-gridsize_y-gridsize_z,3) as expected and contains all possible
combinations of coordinates from the initial linear spreads for all three dimensions.
The following is an exemplary depiction of the process detailed just now. The array
entries 1,2,3, A, B,C, D, «a, 8 are arbitrary values used for illustration and to easily
distinguish between the contents of the different arrays.
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The likelihood scan calculating the negative log-likelihood for each point in the position
grid is determined similarly to the energy except that here, the inputs are the initialized
energy values and the points in the position grid. Again, the individual log-likelihoods
are then summed over the DOMs so that we once more receive the full negative log-
likelihood —In L = (Z?Zl —InL; ) from Equation 6 for a drawn sample of a detected
event for each of the gridsize_x - gridsize_y - gridsize_z-many points within the
whole position grid.
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For the calculation of the most likely event position when considering the detected
photon yields, we take the position grid point with the smallest resulting negative
log-likelihood as an initial guess x_min_guess. Then, we define the function to be
minimized as the wrapping function making the negative log-likelihood solely dependent
on the event position.

Thereafter, we again optimize this function with the L-BFGS-B algorithm to receive the
position x_opt and the corresponding likelihood value f_opt where the log-likelihood
has its minimum. As the position points considered here are spread linearly instead of
logarithmically as is the case for the energy, the optimization already works well when
the position and its guess are inserted into the function directly without the power and
logarithm discussed for the energy optimization. Hence, the optimal values from the
return of the optimization are already those minimizing the negative log-likelihood, so
x_min = x_opt and f_min = f_opt.

4.2.2 Uncertainty Estimation

As already mentioned in Section 3.2.2, there are multiple methods to determine the
uncertainty of the reconstruction. First off, there is the general formula for calculating the
Fisher Information as established in Equation 9 and Equation 8 for the one-dimensional
and multi-dimensional case, respectively. Applied to the energy reconstruction, it results
in Equation 12 which can be implemented easily with k; being the sampled photon
number detected at the i-th DOM, while p(r, E) is provided by Equation 3. The results
for the individual DOMs are then summed up and afterwards, we need to square this
result. To calculate the expectation value, we then determine the mean of the equation
result for the different photon yield samples drawn from the Poisson distribution.
Determining the derivative of the log-likelihood In L with respect to the energy E can
be done manually as shown when Equation 12 was derived. We verified that this is
equivalent to the automated determination of gradient of the log-likelihood function of
Equation 6, as implemented for instance in jax. Then, we square up the result and take
its mean over the the measurement samples.

Determining the uncertainty on the position reconstruction can be realized similarly.
The main difference here is that we use Equation 16 instead.

Alternatively, we can also calculate the Fisher Information by utilizing the simplified
formula as seen in Equation 11 for the one-dimensional and Equation 10 for the multi-
dimensional case. The application to the energy or position reconstruction works similar
to what is described above for the other method. The main difference is the use of
different equations, i.e. Equation 13 and Equation 17, respectively. This also means
that we do not insert any drawn measurement samples. Hence, no mean needs to be
determined. The equation results for all DOMs merely need to be summed up.
Whenever there is more than one measurement sample for an event, for the likelihood
width method the mean of those several results is calculated. This allows us to compare
this single resulting value per event with the other methods detailed above that also
result in only one value per event.
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5 Results

This section presents a detailed analysis of the results of the event reconstruction
discussed in Section 3.2 for both the energy and the position of cascade-like event
topologies. In addition, an outlook on the application of these reconstructions to
track-like events is discussed at the end of the chapter.

5.1 Cascade Events

The first objective of this work is the analysis of cascade-type events and results on
the possible reconstruction precision for both energy and interaction vertex position.
This section summarizes the results of this investigation and compares the achieved
performance of multiple detector configurations regarding the energy reconstruction.

5.1.1 Comparison of Energy Uncertainty Estimation Methods

We can compare the three different methods of calculating the uncertainty of the energy
reconstruction. For one, we calculate the 1o interval of the log-likelihood curves and for
another, we use the two different equations for the Fisher Information as provided in
Equation 12 and Equation 13. Together with the Cramér-Rao bound of Equation 7,
the latter two result in two more values for the uncertainty estimation o.

Applying all estimation techniques for the standard deviation, similar results are found.
This is shown explicitly in Figure 15 for the energy reconstruction of six different
cascade events. The coinciding results can be explained by the fact that the Fisher
Information via Equation 12 is calculated as the expectation value, which corresponds
to the mean value of the results from the different Poisson-distributed measurement
samples of the photon yield at each DOM. Meanwhile, the Fisher Information as resulting
from Equation 13 utilizes the known true value of the photon yield arriving at each
DOM. This means that according to the law of large numbers as presented by Poisson
(1837), with increased data sample statistics the sample mean will converge to the
true mean of the Poisson distribution from which the samples are drawn. Additionally,
the 1o width resulting from the log-likelihood curve is also coinciding well with both
results calculated with the Fisher Information, though most notably with the one from
Equation 13 assuming a Poisson distribution and its known mean. The reason for this
expected behavior is that this third result is based on estimating the uncertainty via the
likelihood curves, which is an alternative to the calculation using the Fisher Information.
Due to this close correspondence between the results and to keep the sample number
sufficiently small for improved code performance, for the following experiments we use
a sample number of 5 and examine only the uncertainty as resulting from Equation 13
unless stated otherwise.

It should be noted that the 1o interval definition using the log-likelihood curve requires
the approximated parabola to reach values of min(—InL) + % within the considered
energy range. This means that for fits for which the log-likelihood curve runs out of the
physical bounds of the system, no standard deviation can be estimated. To mitigate
this problem, we increased the range of possible values spanned by the energy grid
and thus also the range for the log-likelihood fit while not changing the range for the
initialized parameter values, creating a wider log-likelihood fit encompassing the 1o
interval for more events.
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Figure 15: Histogram Comparing Different Methods of Calculating the Energy Uncer-
tainty Estimation for Several Cascade Events. For each of the eight events, 10 samples
are drawn from a Poisson distribution. The 1o uncertainty is then calculated using the
log-likelihood curve width, Equation 12, and Equation 13 as described in Section 3.2.2.
The figure shows a notable agreement of all three results for each event, though most
apparent between the first and the third method.

5.1.2 Energy Reconstruction Quality

To quantify the energy reconstruction results, we can compare the values of the true
energy input of the simulation to the reconstructed energy values as presented in
Figure 16 for one measurement sample per event.

It demonstrates that, especially when also considering the uncertainty as resulting from
the 1o interval of the log-likelihood curve, all points show a very good agreement of the
simulated energies with the reconstructed ones. This is true for most measurements of
events when initialized within the detector volume. One caveat though is that low-energy
events that release comparatively few photons can lead to deviations of the reconstructed
energy and higher uncertainties on said reconstructions. This could be because when
the photon yield arriving at the DOMs is sampled from a Poisson distribution, already
very low true photon yields will result in a relatively larger variation of this number of
detected photons. Specifically, the number of DOMs detecting the event can then also
fluctuate more as any module, depending on the measurement sample, might detect,
e.g., either 0, 1, or 2 photons. As this applies to all detection units above a certain
distance to the initial event position, this phenomenon has a significant impact on the
reconstruction quality. Hence, it is more likely that the reconstructed energy strays
farther from the true value for low energies. However, as the uncertainties are also
larger in this case, the reconstructed energy would usually still be in agreement with
the true energy within the 1o interval.

Furthermore, we investigate the dependence of the relative uncertainty ﬁ on the
true energy as shown in Figure 17a. The relative uncertainty is a measurement that
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Figure 16: Comparison of the Reconstructed Energy and the True Energy. The error
bars on the reconstructed energy correspond to the asymmetrical distances between
the reconstructed energy values and the log-likelihood curve widths. All eight event
reconstructions were realized for a single sample each for the sake of a cleaner illustration.
The dashed line shows the identity, i.e. where the reconstructed energy and the true
energy are equivalent. The figure shows that event though the statistics are low, the
depicted reconstructed event energies correspond well to the true values within their 1o
intervals.

accounts for the fact that higher event energies will result in larger absolute uncertainty
values. Generally, it is expected that said relative uncertainty decreases for higher
energies. As already seen in Figure 16, at low energies, there can be some deviation
of the reconstruction from the true energy value and the absolute uncertainties are
also more pronounced. For those low-energy events, the statistical variation of already
low photon numbers may make it harder to correctly identify the event energy. And
on the other end of the spectrum, for high-energy events, we anticipate that statistics
cause a relatively smaller variation in photon number. Additionally, we expect that
the generally higher-energy photons released can consequently result in those photons
arriving at more DOMSs by traveling for farther distances. Both these effects improve
the reconstruction quality at higher energies. Hence, we expect the relative uncertainty
to decrease for higher energies, which is confirmed by Figure 17a.

From this figure specifically results that the relation between relative uncertainty and
true energy is an approximately linear correspondence in a double-logarithmic plot.
This means that it could be expressed using a power law f(z) = ax® as applying the
logarithm to f(z) yields

log f(z) = log(az®) = loga + blog x. (19)

Hence, in a plot of log f(z) over log z, b would correspond to the slope and loga to the
offset.

Additionally, the relative uncertainty E can also be compared to the total number
of photons measured at the DOMs, as deplcted in Figure 17b. To be precise, it shows
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Figure 17: Three Experiments Investigating the Relative Uncertainty and the Effective
Volume at Different Energies. All three experiments use the same eight event energies.
Figure 17a and Figure 17b initialized 200 events for each energy, with their positions
randomly drawn from the detector volume and the surrounding border. Then 5 samples
of the total measured photon yield are drawn from a Poisson distribution. The relative
uncertainty in Figure 17a denotes the median uncertainty of all event position for
each energy, while the error bars correspond to the 18th to 84th percentiles. The
photon number as depicted in Figure 17b denotes the sample mean for each event. For
Figure 17¢, for each energy, 1500 event positions are initialized within a fixed interaction
volume. This volume is of a height of 3km and a square surface area of 6 km by 6 km,
centered on the detector center, resulting in a total volume of 108 km®. Again, the
photon yield is drawn with a sample number of 5. The relative uncertainty decreases
linearly in the double-logarithmic plots for both increasing true energy and increasing
photon numbers according to Figure 17a and Figure 17b. Meanwhile, the effective
volume increases for larger event energies up to approximately 2.5km?.
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the relative uncertainty over the sample mean of the total photon number for all event
positions at each energy as individual points on a double-logarithmic plot. We can
find a similar relation of the uncertainty to the total number of photons as before,
namely also that of a power law. This is expected since the the true number of photons
arriving at the DOMs is directly proportional to the energy deposited by an event as
provided by the model description in Equation 3. Specifically, we can take a second
power law g(z) = u - 2", and utilizing the linear proportionality z = cz and that both
plots show the relative uncertainty, so f(z) = g(z) = g(cz), we can compare log g(cz)
to Equation 19 to arrive at

loga + blog x = logu + wlog(cz),
loga + blogx = logu 4+ wlog c + wlog x,
loga + blogx = log(u - ¢¥) + wlog .

Hence, expressing the second power law in terms of the constants of the first one with

w=~>band u= fb results in

flex) = %(cw)b,

C

log f(cz) = log (;) + blog(cx).

This means that when plotting log f(cz) over log(cx), the new offset is log (%), while
the slope is identical to that in Figure 17a. Visually, this also appears to be the case as
the linear curve’s slope in both figures is approximately —%.

It should be noted that the relative uncertainty over the mean photon number expresses
different properties than when plotted over the true energy. For instance, we cannot
compare the vertical spread in uncertainty per photon number in Figure 17b to the
spread per true energy expressed as error bars in Figure 17a. Instead, for each set
of events of the same energy displayed as a vertical array in Figure 17a the different
event positions vary significantly in their distance to the closest detector module. This
means that despite the same amount of energy released for all events of the same energy,
the number of photons arriving at the DOMs differ noticeably. When considering the
absolute uncertainty over photon number, then each energy set has the same slope,
but a different offset, with higher energies corresponding to larger offsets. Additionally,
the diagonal spread for higher energies is visibly larger. The offset then coincides once
the uncertainty is divided by the true energy. This behavior is in agreement with our
expectation that low-energy events outside the detector are mostly filtered out by our
detection threshold, while many more high-energy events pass this threshold even when
also initialized outside the detector. Hence, a high-energy event with a large distance to
the detector, with the initial position known by design of the reconstruction, may result
in approximately the same mean amount of total detected photons as a low-energy
event within the detector. Those two events then have significantly different absolute
uncertainties in their energy reconstruction when their positions are known because
higher energies also result in larger absolute values for the uncertainties and vice versa.
This is then also the reason why when the relative uncertainty is examined as shown in
Figure 17b, all results lie on a single line.

The spread in the upper left corner of Figure 17b, so for few photons or a large relative
uncertainty, is due to the very low mean photon number. Specifically, the mean values

41



of the Poisson-distributed photon yield samples do not necessarily correspond well to
the uncertainties displayed, as the latter is calculated using the true photon number
according to Equation 13. So investigating this relative uncertainty in relation to the
mean photon number is merely done to include some semblance of statistical variation
that is not inherently present in the relative uncertainty. Nevertheless, this comparison
shows a trend of some deviation at low photon numbers from the straight line. The
reason for this is the detection threshold, which results in a cutoff of all samples with a
total photon number < 5. So when the true photon number as calculated in Equation 3
is very small, possibly even below this threshold, it can lead to cases where some
measurement samples are filtered out and others remain, depending on the drawn
sample value. Consequently, the mean of the remaining photon numbers is then by
design > 5 and does not coincide with the true photon value. This means some points of
relative uncertainty will be shifted towards larger photon numbers compared to where
they whould truly lie.

5.1.3 Effective Detection Volume

After quantifying the performance for the energy reconstruction of cascades, the next
step is to investigate how the effective detection volume depends on the event energy.
Calculating the effective volume using Equation 1 provides a mean of quantifying the
volume of events a detector can actually observe. It can be calculated as a single
effective volume or for individual energy values so that an energy-dependent effective
volume can be studied. In the future, this effective volume could even be determined
for binned energies so that our results for discrete energy values could be confirmed for
an extension to continuous inputs.

Figure 17c depicts the effective volume for several energies, each with 200 different
event, positions initialized within a constant interaction volume significantly larger than
the detector volume. It shows a trend of the effective volume increasing for events
of larger energies. This correspond well to our expectation that a lower event energy
results in the released photons traveling a shorter distance before being scattered and
absorbed and hence a lower probability of passing our detection threshold. Additionally,
cascade events in our simulation are implemented so that the photons are released
homogeneously in the complete solid angle. Thus, for events initialized outside the
detector volume, a smaller fraction of photons can possibly reach any sensor module
compared to events fully contained in the detector. This fraction decreases further with
a larger distance of the event to the nearest DOM. Hence, events positioned outside the
detector need a significantly larger energy to pass the detection threshold. Still, in the
figure we can also observe deviations from this general behavior. A possible explanation
could be that 200 positions per event energy do not lead to large enough statistics
considering the large interaction volume as well as our trigger condition. In the future,
the experiment could hence be repeated with an increased position number per energy.

5.1.4 Comparison of Different Detector Configurations

After conducting these extensive experiments for our cubic base detector, the next step
is to investigate how the detector configuration influences the reconstruction quality, its
uncertainty, and the effective volume.
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Figure 18: Four Experiments Investigating the Relative Uncertainty and the Effective
Volume at Different Energies for Two Sets of Detector Configurations. The setup for all
plots is the same as for the corresponding figure in Figure 17. When examining the first
detector set, Figure 18a shows that the relative uncertainty increases for all energies
with a larger detection volume, constant string number, and hence a lower DOM density.
Additionally, the spread denoted by the error bars also increases with a lower module
density. For the effective volume as displayed in Figure 18c, we can observe that a larger
detector with lower string density results in a larger effective detection volume for all
energies of at least 102 GeV. The distinction is most significant for large energies and
between the largest detector and the medium-sized one. For the second set of detectors,
the results are not as significant. The detector of 2 by 50 strings shows both a larger
relative uncertainty in Figure 18b and a larger effective volume in Figure 18d while the
other two configurations are barely distinguishable.
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For this, one experiment was to compare three differently-sized detectors with square
surfaces as described in Section 3.2.4 and presented in Figure 12 and Figure 23.

The relative uncertainty on the energy reconstruction of those detectors for different
event energies is presented in Figure 18a. We can again identify all the behaviors
discussed for the cubic kilometer detector in Figure 17a. Additionally, it is apparent
that the relative uncertainty increases with a larger detection area and hence a lower
string density. The only exception is at the smallest energy of 100 GeV, where the
largest detector seems to result in approximately the same relative uncertainty as that
of the medium-sized detector, though the smallest detector still results in the smallest
uncertainty.

For one, the general behavior is expected because when the string density is lowered, the
maximal possible distance between a DOM and an event within the detector increases.
This means that even though the event position is known by design, for an event of
the same energy, the energy reconstruction will be less precise for a detector with lower
string density as comparatively less photons reach a detection module. For another, this
exception to the rule for the smallest energy could be due to small-energy events only
releasing a small number of low-energy photons that can only cover a smaller distance
before being absorbed. Hence, the ”visible volume” around a DOM is accordingly small
for small energies. Thus in this case, all detectors appear approximately equally ”sparse’
and the relative uncertainty is similar for any low-energy cascade event.

i

Additionally, the spread of the relative uncertainty distributions is also significantly
larger for larger detector areas with lower string densities. An explanation for this
could be that a larger distance between an event position and its closest DOM increases
the relative uncertainty as less photons arrive at this nearest DOM as well as at all
remaining DOMs that are even farther apart. So at any given energy, a setup of two
events, one with a positions that approaches the maximal distance to its nearest DOM,
and one in the immediate surrounding of a detection module, will lead to a certain
maximal and minimal relative uncertainty, respectively. And the difference between
those two uncertainties increases when the setup is repeated with a larger string distance,
as then, the distance between DOMs and thus the maximal distance of an event to
any DOM is increased. Also, a generally denser detector lead to any event contained
within the detection volume to be detector by more DOMs compared to placing the
same event in a detector of lower DOM density.

Moreover, another comparison was undertaken with different rectangular shapes as
described in Section 3.2.4 and depicted in Figure 13 and Figure 24. The result is
shown in Figure 18b. The cubic detector and that with length of 500 m by 2000 m
seem to result in similar relative uncertainties for all energies, with the cubic detector
demonstrating slightly lower values for most events. Meanwhile, the detector of 200
m by 5000 m exhibits larger relative uncertainties and a larger spread for all but the
lowest-energy event. We would actually expect that a constant string distance as
merely a different side length ratio would result in approximately the same relative
uncertainty. The most likely explanation is that this detector was by mistake initialized
with a larger string distance in one direction compared to the other, as evident when
consulting Figure 13. Hence, the total detector volume is also significantly larger for
this detector, leading to the increase in absolute uncertainty and spread as already
observed in Figure 18a for the square detectors. Still, the slight difference between the
other two detector configurations seems to imply that at least for reconstructing the
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energy of cascade events, a more compact detector volume is preferred. It would need
to be investigated further as this might also be a statistically insignificant effect.

To better compare different detector sizes and their effects, we also need to take into
account the advantage of a larger detection area despite the lower string densities
causing larger uncertainties on the energy reconstruction. The main advantage of a
larger detector is its increased interaction volume. Given an assumed neutrino flux
and a uniform interaction probability in the medium, a larger detector results in an
increased total number of contained interactions. This, in turn, results in a higher
number of potential events that can be detected. However, with a fixed number of
detector modules, an increased volume also decreases the sensor density. As a result,
a careful balance between detector size and the optical visibility of the target event
topologies in the medium is needed.

The effective volume of the different square area detectors for different energies is
depicted in Figure 18c. While the effective volume generally increases for larger energies,
this effect is most significant for the detector covering the largest area. It fits with our
expectation that the effective detection volume for high enough energies encompasses
the complete detector as well as a certain volume beyond that.

We can then contrast the achieved effective volumes to the corresponding relative
uncertainties of the detector configurations for each energy. If we were to require a
resolution of at most 10%, this would allow the largest square detector to reach a lower
energy threshold of between 20 TeV and 30 TeV as seen inFigure 18a while increasing
the effective volume from approximately 1.5km? to about 6 km?® when compared to
the other two detectors at the same energy range, as presented in Figure 18c. This
means the largest detector would detect events in a four times larger volume within
surpassing the required resolution threshold. Nevertheless, this means that energies
below approximately 20 TeV cannot be reconstructed sufficiently well for this largest
detector. Meanwhile, the smallest detector could even detect events of 500 GeV with
this uncertainty threshold. Still, its maximally possible effective volume in the total
energy range we considered only amounts to less than 1km?, while the maximum for
the largest detector is approximately 8 km?® by comparison. Hence, for this comparison
of three square configurations, the largest detector might be the preferred option unless
the aim is to still be able to reconstruct low-energy events with low uncertainty.

For the other set of detector configurations, the effective volume depending on the
energy is then also examined in Figure 18d. It shows the cubic and that of a ratio of
5 : 20 to present coinciding effective volumes, while that of the detector a 2 : 50 ratio
has a larger effective volume for all energies. We would expect the effective volume not
to vary among the detectors when their volume and string density is equivalent. The
reason for the deviation is again that the 2 : 50 detector was initialized with a larger
volume than the others, resulting in an effect as observed in Figure 18c for the square
detectors.

Apart from this effect, the ratio of detector sides does not appear to have an effect on
the effective volume. Hence, as resulting from Figure 18b, the most compact detector
might be preferred.
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Figure 19: Histogram Comparing Different Methods of Calculating the Position Uncer-
tainty Estimation for Several Cascade Events. The experimental setup is the same as
for Figure 15 but applied to the position reconstruction. Additionally, the estimation
resulting from the log-likelihood width is not included here as its determination from a
log-likelihood of a three-dimensional parameter input is beyond the scope of this thesis.
The figure shows the results from both uncertainty estimation methods in agreement
within 0.1 m for most events.

5.1.5 Comparison of Position Uncertainty Estimation Methods

We can also compare two different methods of calculating the uncertainty of the position
reconstruction. To be precise, we use Equation 16 and Equation 17. After applying the
Cramér-Rao bound provided by Equation 7, we obtain two results for the uncertainty
estimation o. It should be noted that the uncertainty estimation from the log-likelihood
curve width is more complicated when said log-likelihood depends on three parameters
at once. Hence, this method is omitted for the position reconstruction as its realization
is beyond the scope of this thesis.

Figure 19 shows that both methods result in similar values. To be precise, for most
events the difference is below 0.1 m. The reason for this close correspondence is the
same as discussed in Section 5.1.1.

Due to this good agreement of the uncertainty estimations, for the following experiments
we use a sample number of 5 and examine only the uncertainty as resulting from
Equation 17 unless noted otherwise.

5.1.6 Position Reconstruction Quality

This section discusses the results of the event position reconstruction. The three
coordinates for the true and the reconstructed positions of six exemplary events are
presented in Table 1. When comparing the values from the reconstruction to the true
ones, it is apparent that all dimensions can be reconstructed well, though there are
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-446.54 | 394.24 | 345.81 | -523.69 | 364.23 | 525.99
Tirge [m] || 503.70 | -414.27 | 372.47 | -405.09 | 24.34 | 391.05
493.07 | -48.19 | 30.375 | 375.78 | 382.24 | 452.18
“445.58 | 389.72 | 343.76 | -524.76 | 364.44 | 525.56
Treco m] || 520.30 | -415.01 | 374.84 | -403.86 | 25.10 | 387.50
484.73 | -49.46 | 47.33 | 375.98 | 379.61 | 452.47

Table 1: Comparison of True and Reconstructed Event Positions. The three coordinates
of the true and the reconstructed values can be compared individually for six exemplary
events of random energy and position. For most events, the individual coordinates and
hence the full position of the initialization and the reconstruction result coincide within
a range of few meters.

some considerable deviations for the y- and z-direction of the first event. This can
result from the specific position of that event, with those dimensions approximately at
500 m from the coordinate center. As the detector itself is also centered and extends
500 m to all 6 sides, this means that this first event is situated close to the edge of the
detector. When taking into consideration that its z-dimension is also approaching the
edge with a value of x &~ —450 m, we can conclude that the event position is positioned
approximately at one corner of the cubic detector. This explains the comparatively
worse reconstruction compared to the other events depicted in the table.

To better quantify the reconstruction quality, we compare the distance between the
true event position and the reconstructed one to the length of the position vector of the
true position, i.e. the distance of the true position to the coordinate center. The result
is depicted in Figure 20a for the median of all measurement samples of 50 different
events with random energies. We expect that the distance would approach 0 for a good
reconstruction, which should be possible for all events contained in the detector. The
figure shows that most distances are indeed close to 0.

Still, some events shows a comparatively large spread of distance to the true position
as indicated by the error bars. A possible reason for those large values for some event
samples could be due to the corresponding events depositing smaller energies. Then,
drawing the Poisson-distributed samples has a relatively larger effect on the resulting
photon yield measured by the DOMs, so that some samples might only reach half the
photon number of another sample of the same cascade event, e.g., one sample resulting
in 4 photons arriving at a certain DOM, while the other sample results in 2 photons
reaching the same DOM. As discussed for Figure 16, this can lead to some deviation
of the reconstructed energy from the true value when the position is known, and vice
versa, when the energy is known, it might hence also result in a worse reconstruction
and larger uncertainties on the event position.

Additionally, even though all these events are initialized either within the detector
volume or in the surrounding border, we need to consider that the events’ distance to
their nearest DOMs can vary significantly. Hence, for events with a larger distance, we
would expect more photons to be absorbed or scattered compared to those initialized
close to a detection module. This is turn can also lead to a larger disparity between the
true position and the reconstructed one. This behavior might even be aggravated if such
an event deposits little energy to begin with, as then more photons might be absorbed
and depending on the drawn sample, the total measured photon yield might not even
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pass the trigger threshold. So we expect the points with a large distance between those
to be an effect of at least one of these two possible reasons.

We then compare the uncertainty resulting from the Fisher Information as calculated
from Equation 17 to the position vector of the true event position. The result is
depicted in Figure 20b. We expect that the reconstruction uncertainty is related to
the distance between the true and the reconstructed position. Figure 20a displays a
result for the median and the 18th to 84th percentiles of all samples for each event,
while the uncertainty in Figure 20b show a single point for each event, so that the
included error bars might obscure some detailed observations. Still, it appears that
the general behaviors correspond to one another. For instance, most uncertainties are
approximately 0 and the farther the uncertainty departs from 0, the fewer points are
present.

As those two previous figures seem to describe a similar behavior, we consequently
investigate the distance between true position and reconstructed position divided by
uncertainty for the different true positions in Figure 20c. If our observation is correct,
we expect to see the points gathering around some constant value for all different
true positions. This is confirmed by the figure, which indeed shows the distance
per uncertainty to accumulate between 0 and 2 with some deviation to values up to
approximately 7 and the percentiles reaching up to about 16. For the point with the
largest deviation, we need to take into account that the results for different measurement
samples of the same event can vary significantly as depicted by the large error bars.
We can observe that the median there is present in the lower end of the percentile
spectrum. Hence, the distance between true position and reconstructed position and
the uncertainty seem correspond very well to one another.

After these experiments on the position reconstruction for events generated in a volume
encompassing the detector volume and an additional border, we turn to investigating
events initialized in a fixed interaction volume several times larger than the detector
volume. Both means of generating the events in the corresponding volumes are described
in Section 4.1.2. With a now wider range of possible event positions, we examine the
relation between the reconstruction uncertainty and the distance of the event position
to the nearest DOM. For an easier comparison of events, all were initialized with the
same high energy of 1PeV. Figure 20c demonstrates that the uncertainty increases
with a larger distance to the closest sensor module. Specifically, it first seems to be
approximately constant at a value near 0 up to a minimal DOM distance of about 75 m,
after which the uncertainty begins to increase. After reaching a distance of 200 m, the
slope becomes significantly larger. It is important to note that the maximal distance of
an event contained in the detector to the nearest DOM is approximately 79 m. Hence,
all events with a larger minimal distance certainly lie outside the detector. As already
discussed before, we expect events outside the detector to result in a larger uncertainty
as only a fraction of photons released spherically in the whole solid angle arrive at a
detection module. This fraction decreases with a larger distance of the event to the
detector. Additionally, as presented in Figure 10, the amount of detectable photons
decreases significantly with the distance to the event, with the slope event increasing
over the distance. Hence, the figure again corroborates our expectations.
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Figure 20: Three Experiments Investigating the Position Reconstruction Quality. All
three experiments were conducted for 50 events with random energies and randomized
positions within the detector and a surrounding border. Figure 20a depicts the sample
median of the distance between reconstructed and true position value over the true
position. The error bars correspond to the 18th to 84th percentiles. The figure shows
that this deviation from the true position approximates 0 considerably well with all
median values below 0.8 m. The spread appears to be larger for events farther outside
the detector center, though this effect could be caused by the comparatively low event
or sample number. The uncertainty per true event position in Figure 20b is also below
0.8 m for all but one event. Generally, the behavior appears to be similar to that of
the position difference. Additionally, said position difference is then divided by the
uncertainty to investigate the similarity of their results as presented by Figure 20c. It
indeed shows most values grouped between 0 m and 2 m for all positions, indicating a
good correspondence between both.
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Figure 21: Position Uncertainty over the Distance of the Event to its Nearest DOM.
50 events are initialized within a fixed cubic interaction volume of 8km?® centered
on the detector center. All event energies are set to 10° GeV. The figure shows the
uncertainty to increase with a larger distance to the nearest DOM. For a distance
smaller than approximately 75 m, the uncertainty seems to be comparatively constant.
The maximum possible distance to the nearest DOM an event positioned within the
detector can exhibit amounts to 79 m. The uncertainty increase for distances larger
than this appears to be approximately linear up to about 200 m, after which the slope
consecutively increases further.
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Figure 22: Energy Reconstruction for Several Muon Track Events of Different Energies.
The log-likelihood curves minus their minimal values over the energy are depicted as
many dots, coinciding well with their corresponding spline fits. The curve minima,
denoting the reconstructed energy values, can be compared to the true values, displayed
as vertical lines. The figures shows that the reconstructed energies correspond well to
the true energies, especially for larger event energies.

5.2 Outlook to Muon Track Events

The analysis for this thesis started out with the cascade events and most time was spent
on implementing and examining their reconstruction. Hence, the muon track events are
investigated in significantly less detail.

Still, the energy reconstruction is implemented, allowing for a comparison of recon-
structed and true energy values. Meanwhile, the uncertainty estimation for all different
methods is not realized.

Figure 22 presents the log-likelihood curves after a subtraction of their corresponding
curve minima for several muon track events of different energies. The reconstructed
energies approximate the true values, with an apparently improving quality for larger
energies. This behavior is in agreement with our expectation that higher-energy events
deposit higher-energy photons that can reach larger distances and hence more detection
modules before being absorbed. This in turn leads to a lower energy reconstruction
uncertainty. From the figure, we cannot sufficiently discern whether our expectations
regarding the uncertainty are confirmed.

In the future, one could potentially implement the calculation of the energy uncertainty
estimation from the log-likelihood curve and utilizing the Fisher Information as presented
in Equation 9 and Equation 11. Then the same experiments as discussed in Section 5.1.2
and Section 5.1.3 could be conducted to examine the effects of muon track events of the
relative uncertainty or the effective detection volume. Additionally, several detector
configurations could again be compared similar to Section 5.1.4.

Furthermore, one could implement a reconstruction of the muon track position as
theorized in Section 3.3 and repeat the experiments as presented in Section 5.1.6.

In general, we expect that reconstructing the initial energy is difficult and at the very
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least linked to a high uncertainty on the reconstructed energy. The reason for this is
that many muon track events emerge before entering the detection volume and continue
far beyond it, with only a part of the energy being deposited in the detector. This is
especially true for high-energy events. Meanwhile, it is expected that the position of the
track trajectory through the detector can be reconstructed very well as many DOMs
are involved in the detection process.
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6 Conclusion

To summarize, this thesis focused on the reconstruction and analysis of cascade event
topologies in water-Cherenkov neutrino telescopes.

The different methods of estimating an uncertainty of the energy reconstruction as
presented in Section 3.2.2 were investigated in Section 5.1.1. A comparison showed a
good agreement of the results of all three methods. Some deviations are explained by
statistical fluctuations. Thereafter, Section 5.1.2 discussed the quality of the energy
reconstruction. For one, the reconstructed energy values correspond well to the true
energy values, especially when also considering the reconstruction uncertainty. For
another , the relative uncertainty decreases for larger true energies as was expected.
Additionally, the relative uncertainty displays a similar decrease for an increased number
of photons measured by the detector. This is also in agreement with our expectation as
the detected photon number depends linearly on the event energy. Section 5.1.3 showed
that the effective detection volume increases with higher-energy events as those can be
detected even when situated farther away from the detector. After those experiments
focusing on a single detector, the investigations are repeated for different detector
configurations in Section 5.1.4. The comparisons show that a larger detector with a
lower string density generally leads to a larger relative uncertainty, but also an increased
effective volume. Both results are in agreement with our expectations. Changing the
ratio of the detector side length while maintaining the string density does not appear
to have a significant effect on either the relative uncertainty or the effective volume.
Then, different methods of estimating the position reconstruction uncertainty are
presented in Section 5.1.5. We observed a very good correspondence of the results.
Section 5.1.6 then detailed several experiments investigating the position reconstruction
quality. It resulted that the reconstructed position and the true one coincide well.
Furthermore, both the distance between those two positions and the reconstruction
uncertainty are considerably small. Those two parameters also show a correspondence
between their values. Additionally, when considering the uncertainty depending on the
distance between an event and its nearest detection module, we observed a consecutive
increase for events positioned outside the detector while the other events display the
previously noted very small uncertainty.

Finally, Section 5.2 focused on muon track events. The energy reconstruction seemed
to work well. The uncertainty on the energy reconstruction is not implemented, just
like the track position reconstruction as a whole. Still, the expectation were discussed
briefly.

Implementing the remaining part of the muon track reconstruction could be the topic
of a potential future work. In the future, one could also implement a simultaneous
reconstruction of both the energy and the position. This might be realized for cascade
and muon track events. It would allow us to then investigate the effect of the detector
configuration with respect to the energy resolution, the position resolution, or a balanced
resolution of both. Additionally, more experiments as presented in Section 5.1.4 could
be conducted for many different detector shapes. For instance, one could go beyond
rectangular surface shapes and even beyond a structured lattice in general. This would
allow for a consideration of possible detector geometries that might require a different
setup compared to vertically aligned strings.

53



54



A Appendix A

A.1 Detector Configurations

Figure 23: Comparison of Three Detectors with Square Surfaces. All three consist of 10
by 10 strings ordered in a square grid. Configuration A has a side length of 500 m, B
one of 1000 m, while C is constrained to a length of 2000 m. The height of 1000 m is
equivalent for all three detectors.

z[m]

XIm; 500 500 Xlm,

Bl

Figure 24: Comparison of Three Rectangular Detectors of Different Side Length Ratios.
To keep the string distance the same, the 100 strings in total were placed in the same
aspect ratio as the detector side lengths. For A, 10 by 10 strings cover an area of 1000
m by 1000 m. Configuration B consists of 5 by 20 strings in an area of 500 m by 2000
m, effectively doubling one side and halving the other compared to the square detector.
Setup C is equipped with 2 by 50 strings covering 200 by 5000 m. Due to a mistake in
the initialization of the module positions, the string distances are not equivalent for
all three detectors, with the longest detector clearly displaying a larger distance in one
dimension compared to the other dimension.
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A.2 Calculation for Position Reconstruction

This section presents the complete calculation of Equation 15 omitted in Section 3.2.5.
The following equations are needed to calculate the derivative of u(r, E') with respect
to a space coordinate x;.

o 1 -1 0 tanh <w>
il - . tanh [ 2
Oz tanh(%)  tanh?(%) Oz c
I S
tanh?*(%) cosh*(%) ¢
_ —1
B ctanh?(Z) cosh?(%)
_ —1
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The derivative of the photon yield then amounts to
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